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Introduction

Introduction I

Goal: study standard microeconomic problems (demand,
risk-sharing problems) when agents have concave quantile-based
utility functions, differences with the standard expected utility

framework (in insurance for instance).

involves optimization of such functionals (by means of convex
analysis, differentiability properties etc...) to derive tractable

computations and qualitative properties.
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‘Plan of the talk.
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A class of utility functions 4

‘A class of utility functions'

(2, F, P) nonatomic probability space, X € L>°(Q), F, P),

V(X): / Lt F (0)dt + g(F='(0)) (1)

with F;' the quantile of X. Rank-Linear Utilities (RLU) (see
Epstein-Chew, Green-Jullien).
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A class of utility functions 5

Typical example: Choquet expectation with respect to a convex
distortion f : [0,1] — |0, 1] continuous or discontinuous at 1.

Continuous case:

B0 = [ fa—oFod (2)

obtained from (1) by setting g = 0 and L(t,x) = f'(1 — t)u(x).
Yaari utility functions or (up to minus sign) comonotonic law
invariant risk measures (e.g. expected shortfall) see
Barrieu-ElKaroui, Schied, Jouini-Schachermayer-Touzi.

Rank dependendent expected utility (RDU):

Ep(u(X)) = / 11— tu(Fg())di
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A class of utility functions 6

Discontinuous distortion

Ep(u(X)) = (1—f(1- / F—tu(F5(1)dt (3)

defines a utility of the type (1) with L(t,z) = f/(1 — t)u(z) and
9(x) = (1= F(17))u(z) and f(17)) = limyq; f(z).

Interpretation: aversion to worst case.
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Stochastic dominance '

X dominates Y in the sense of second order stochastic
dominance (SSD), if E(u(X)) > E(u(Y)), for every utility

function v : R — R concave nondecreasing.

X strictly dominates Y in the sense of SSD if
E(u(X)) > E(u(Y)), for every utility function u: R — R

strictly concave nondecreasing.

A utility function V' (strictly) preserves SSD if V(X) > V(Y)
(V(X) > V(Y)) whenever X (strictly dominates) Y in the sense
of SSD. V monotone if V(X) > V(Y) whenever X > Y.
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Stochastic dominance 8

/ Lt (1) (4)

Proposition 1 Let (2, F, P) be non atomic and Vi, be of type
(4). Let L € C?(]0,1] x R). The following are equivalent:

1. Vi, 18 SSD preserving,
2. 0,L >0, 0L <0 and 0, L <0 on [0,1] xR

8. V1, is concave, monotone and o(L>®(Q), L*(Q)) upper

semai-continuous.

From now on, we assume that L satisfies the previous

properties.

Strict SSD holds if L(t,.) is strictly concave or 0, L < 0.
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‘ Comonotonicity I

Key notion of comonotonicity

X and Y are comonotone whenever

(X (w) = X (W)Y (w)—Y(w) >0, PR P as.

(X and Y anticomonotone: X and —Y comonotone).

also means that X and Y are nondecreasing 1-Lipschitz

functions of their sum.
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Comonotonicity 10

Under the assumptions of Proposition 1, one has:

Vi (X) = inf E(L(U, X)).

U uniform

and

Vi (X) = E(L(U, X))

for every U uniformly distributed and comonotone with X.
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‘ Differentiability I

Assume that L is of class C? and :

8,L >0, 8,,L <0, 9L < 0 on [0,1] x R.

The superdifferential of V; at X € L>°(Q2) denoted OV (X) is
defined by:

OVL(X) :={pe (LX) : Vi(Y)-Vi(X) < (n,Y — X), VY € L™}

V1 1s Gateaux-differentiable at X if:

.

t—0+ t

Y € L®(Q) — DYVL(X;Y) := lim =[VL(X +tY) — Vi(X)]

defines a continuous linear form on L*°(£2), denoted V/ (X).
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Theorem 1 Let X € L°°(12), then the following holds:
1. OV (X) :=¢o{0,.L(U, X), U uniform, comonotone with X }

where co denotes closed convexr hull operation for the L'(Q)

topology,

. any element of OVL(X) is anticomonotone with X,

. defining Qx :={w € Q : Fx is continuous at X(w)}, for
every W € OV (X) and a.e. w € Qx, one has
VU(w) = 0, L(Fx (X (w)), X (w)),

4. Vi, 1s Gdteaux-differentiable at X if and only if F'x is

continuous, in which case, one has:

OVL(X) ={VL(X)} = {0: L(Fx o X, X)}.
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‘ Demand Problems I

L(Q, F, P): set of bounded state contingent consumptions.
Let ¢ € L1 () with E(¢)) = 1 be a pricing density. Consider an
agent with utility V : L>°(2) - RU {—o0} and income w > 0.
Agent’s demand for state contingent claims is the solution to :

(D) sup{V(X) : E(vX) <w, X > 0}. (5)

Assume V is strictly SSD preserving (hence law invariant) and

u.s.c. concave and that the cumulative F); is continuous (or

equivalently Fw_1 is strictly increasing).
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Quantile reformulation 14

Quantile reformulation'

Intuition suggests that the demand problem may be restricted
to the class of nonincreasing function of the price i.e. (5) may
be restricted to claims of the form X = z(1 — Fy;(¢)) with

r € A and

A:={x:]0,1] — Ry, z nondecreasing}.

note that X = z(1 — Fy(v)) = o = Fy .
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Indeed, setting ¢(t) := Fw_l(l —t) and v(x)
uniformly distributed), one has:

Proposition 2 X is a solution of (D) iff X = z(1 — Fy(v))
and T s a solution of :

~

(D) sup{v(z) : x € A, x bounded and /0 q(t)x(t)dt < w}

Equivalently, there exists A > 0 such that © = T, solution of

sup o(y) — A / Ay ()t (6)

yeA

and fol q(t)T(t)dt = w.

Demand Problems/3
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If we further specify V' of the form (1), we have to solve for
fixed A > 0:

(Py) sup / (L(t, 2(t)) — Mg(t)x())dt + g(x(0))

zeA

and then find A such that the budget constraint holds.

Monotonicity constraint: a classical problem in the adverse
selection literature (Mussa-Rosen, Guesnerie-Laffont, Rochet).
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Quantile reformulation 17

Assumptions
e LeCY(0,1] x RE,R), g € C'(R%,R),

e for every t € [0,1], L(t,.) is strictly concave increasing on
R? , g is strictly concave increasing on R? , and:
max(L(t, ), 0)

lim sup =0 7
T—=+00 ¢£(0,1] x (7

e there exists gg > 0 such that ¢ > gg on [0, 1], ¢ is continuous
on [0, 1],

e the following function:

TA(t) := argmax,cg, (L(t, z) — Aq(t)z).

x is Lipschitz continuous on [0, 1],
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Quantile reformulation 18

e cither:

lim ¢'(z) = +o0, or (8)

r—0T

)

lim 0. L(t,x) = lim O L(t,e)dt = 400, ¥ € (0,1)
(t,z)—(0F,0%) e—0% Jo
(9)

Under the previous assumptions, the demand problem admits a

unique solution Z, and (P,) admits a unique solution T for

every A > 0, moreover T is Lipschitz continuous, hence
differentiable a.e., for every A > 0, and 7, (0) > 0.
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Optimality conditions 19

Optimality conditions I

For A\ > 0, T, solution of (P,) is characterized by

Proposition 3 Let A > 0 and x € AN L*> and let A be defined
for every t € [0, 1] by:

A(t) := 0, L(t, z(t)) — Aq(t) and A(1) =0 (10)

then x =T if and only if x s differentiable a.e. and:

(1) A>0, and A(t)z(t) =0 a.e.,
(i1) x(0) > 0 and A(0) = ¢'(x(0)).

Allows to solve (very simply in some cases e.g. RDU) (Py) by
the so-called ironing procedure.
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‘ Examples I

Example 1
A continuous RDU example

u(x) = In(x), Fw_l(t) = ¢(1 —t) = €' and that the distortion f is

given by:
—t— —t" 4+t
+ 5 5 +t7)

= two flat zones (strangled demand)
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Example 2

RDU with discontinuous distortions,
Lt,z) = (1-¢)3(1 —t)°LIn(x), g(z) = eln(x), 8 > 1,
e € [0,1). Prices uniformly distributed on [1,2], i.e. ¢q(t) =2 —t

If e = 0: flat demand for 3 > 4/3, flat demand only for low

prices otherwise.

If £ > 0: demand always flat for high prices, totally flat for
B > B(e) (B(.) nonincreasing).

Demand Problems/10



[T/swo[qoid puewo(]

e
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flat case (epsilon or beta large)
epsilon=0 and beta<4/3
strangled case (small epsilon>0 and beta small)

sorduwrexy
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Example 3

RLU: L(t,x) = In(t + x) and as previously, prices are uniformly
distributed on [1,2], i.e. q(t) =2 —t.

e flat demand when w < 3/(2e3/2 — 2),

e decreasing then constant for high priceswhen
w € (3/(2e3/2 —2),10/3],

e decreasing, when w > 10/3.

RLU: allows richer income effects than RDU (in the lattercase,
the number of flat zones is independent of w).
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decreasing demand (large income)
medium income
flat demand (small income)
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Efficient risk-sharing I

Two agents framework utilities V7, V5, aggregate endowment
Xo > 0, weight A € (0,1)

sup{AV1(X)+ (1 =)V (Xg—X) : 0< X < Xp}

Assume that Fx, is continuous and Vi, V5 are strictly SSD,

concave u.s.cC.
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Quantile reformulation'

Key observation: noncomonotone pairs are dominated by

comonotone ones. One may therefore restrict attention to
wealths of the form (x(Fx,(Xo)), (xo — x)(Fx,(Xo))) where

xTo = F)Zol and r € As:
Ao :={x:1]0,1] =R : 0 <z <zp, r and x¢o — r nondecreasing}.

If V; and V5 are RLU, the Pareto Problem amounts to:

sup / La(t, 2 (0)dt + gr(2(0)). (11)

€ Ao

Efficient risk-sharing/2



Quantile reformulation 28

Ly(t,x) = AL1(t,x) + (1 — N) Lo(t, zo(t) — )

gx(x) = Ag1(z) + (1 = A)ga(20(0) — ).
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Optimality conditions I

Under assumptions similar to those of the demand problem, the

solution of the previous problem is characterized by:

Proposition 4 Let x € Ay and Ay be defined by:

Ax(t) = 0, La(t, (1)), for all t € [0,1], Ax(0) = 0.

Then x = Ty, the solution of (11), iff the following conditions
hold:

(1) (Ax—=A\(1))+2 =0, a.e

(27)  (Ax —Ax(1))-(Zo —2) =0, a.e.

(i31) 0 < z(t) < xo(t) for allt € [0,1], and Ax(1) = —g)(x(0)).
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‘ Example I

Risk sharing problem between an expected utility maximizer
agent and an RDU agent. Further assume that the aggregate

endowment X is uniformly distributed on |0, 1]. Specification
Ll(x) =7, Lg(t,$) — 6(1 o t)ﬂ—lx’Y’ Ve (07 1)7 B > 1,
g1 =92 = 0.
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1/2, gamma=1/2

beta=2, mu=
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=3/4

2, gamma:

1.3, mu

beta=
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Equilibria I
Aggregate endowment X, (X1, X3) feasible iff X7 + X5 = X

andO§X1 SXO

A triple (X7, X5, ¥*) € (L)? x (L), with (X7, X}) feasible
is an equilibrium with transfer payments if for ¢ = 1,2, X7

solves

max V;(X;) s.t. (U, X;) < (U, X7), X; € LY

(X5, X5,9%) € (LY)? x (L), with (X7, X}) feasible is an
equilibrium if it is an equilibrium with transfer payments such
that

(W, X7) = (U7, W) (12)

where Wy, W5 are the agents’initial endowments
(XO = Wi+ WQ)
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If utilities are superdifferentiable, (X7, X5, ¥*) (with (X7, XJ)
feasible) is an interior equilibrium with transfer payments iff
there exists A € (0,1) and a > 0 such that

AV (XE) N (1 — N)aVa(X3E) # 0 and

al*™ € AoV (XT)N (1 —XN)oVa(X3).
In particular, (X7, XJ) solves the problem
SUp{AVl (Xl) -+ (1 — )\)VQ(X2) : (Xl, Xg) feasible}

hence is Pareto efficient.
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‘ Parameterization '

RLU case

Proposition 5 Assume that g1 = g> = 0, then
(X*, Xo — X*,U*) is an interior equilibrium with transfer
payments iff there exists A € (0,1) such that

1. X* =7\(Fx,(Xo)),

2. U* € LY and * is proportional to px(Fx,(Xo)) with

A0, L1(t,Tx(t)) on the support of dT)
(1 —=MXN)0:La(t, (xg — Tx)(t)) on its complement
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