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m 9 Cno ;p Dq 5 ;p C > q C 4q r @ s4 9 B s 9> 9 r @ s = 4 9t n B r ; uq B r C > q 6

4 @ ;: v ;< C 4 @ > w = 4 9t n B r ; xzy < B> C w B> p ; < C 3 B s 9> sC 3 B { D C > p @ n B vt C ; Bq

D p @ n @ p 5}| D > s p @ 9> ;6 q @~ B4 B> s B ; y @ p < p < B ;p C > q C 4q B� = B s p Bq D p @ n @ p 5

| 4 C r By 94 : u@ > @ > ; D 4 C > s B| 94 @ > ;p C > s B xE

@ > 3 9n 3 B ; 9 = p @ r @� C p @ 9> 9| ;D s < | D > s p @ 9 > Cn ; ut 5 r B C > ; 9| s 9> 3 B�

C > Cn 5 ;@ ;6 q @~ B4 B> p @ C t @ n @ p 5 = 4 9 = B4 p @ B ; B p s E E E x p 9q B4 @ 3 B p 4 C s p C t n B
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(Ω,F , P )> 9> C p 9 r @ s = 4 9 t C t @ n @ p 5 ; = C s B6 X ∈ L∞(Ω,F , P )6

V (X) :=

∫ 1

0

L(t, F−1
X (t))dt+ g(F−1

X (0)) u � x

y @ p < F−1
X p < B { D C > p @ n B 9| XE ? C > : v �@ > BC 4 � p @ n @ p @ B ; u ? � � x u ; B B

2 = ;p B@ > v � < By 6 m 4 B B> v � D n n @ B> xE
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« 5 =@ sCn B� C r =n Bo � < 9 { D B p B� = B s p C p @ 9> y @ p < 4 B ; = B s p p 9 C s 9 > 3 B�

q @ ;p 94 p @ 9 > f : [0, 1] → [0, 1] s 9> p @ > D 9 D ; 94 q @ ; s 9> p @ > D 9 D ; C p � E

� 9> p @ > D 9 D ; sC ; Bo
Ef (X) =

∫ 1

0

f ′(1 − t)F−1
X (t)dt u � x

9 t p C @ > Bq | 4 9 r u � x t 5 ; B p p @ > w g = 0C > q L(t, x) = f ′(1 − t)u(x)E

¬ C C 4 @ D p @ n @ p 5 | D > s p @ 9> ; 94 uD = p 9 r @ > D ; ;@ w­> x s 9 r 9> 9 p 9> @ sn C y

@ > 3 C 4 @ C > p 4 @ ;: r BC ; D 4 B ; u B E w E B� = B s p Bq ;< 94 p| Cn n x ; B B

® C 4 4 @ B D v 2n¯ C 4 9 D @ 68° s < @ Bq 6 � 9 D @ > @ v° s < C s < B4 r C 5 B4 v « 9 D� @ E

? C > : q B = B> q B> q B> p B� = B s p Bq D p @ n @ p 5 u ?� � xo
Ef (u(X)) =

∫ 1

0

f ′(1 − t)u(F−1
X (t))dt
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� @ ; s 9> p @ > D 9 D ;q @ ;p 94 p @ 9>

Ef (u(X)) = (1−f(1−))u(F−1
X (0))+

∫ 1

0

f ′(1−t)u(F−1
X (t))dt u � x

q B² > B ; C D p @ n @ p 5 9| p < B p 5 = B u � xy @ p < L(t, x) = f ′(1 − t)u(x)C > q

g(x) = (1 − f(1−))u(x)C > q f(1−)) = limx↑1 f(x)E

³> p B4 = 4 B p C p @ 9>o C 3 B4 ;@ 9> p 9 y 94 ;p sC ; B E
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Xq 9 r @ > C p B ; Y@ > p < B ; B> ; B 9| ; B s 9> q 94q B4 ;p 9 s < C ;p @ s

q 9 r @ > C > s B u° ° � x6 @ | E(u(X)) ≥ E(u(Y ))6 | 94 B 3 B4 5 D p @ n @ p 5

| D > s p @ 9 > u : R → R s 9> sC 3 B > 9> q B s4 BC ;@ > w E

X ;p 4 @ s pn 5q 9 r @ > C p B ; Y@ > p < B ; B> ; B 9| ° ° � @ |

E(u(X)) > E(u(Y ))6 | 94 B 3 B4 5 D p @ n @ p 5}| D > s p @ 9> u : R → R

;p 4 @ s pn 5 s 9 > sC 3 B > 9> q B s4 BC ;@ > w E

� D p @ n @ p 5 | D > s p @ 9> V u ;p 4 @ s pn 5 x = 4 B ; B4 3 B ;° ° � @ | V (X) ≥ V (Y )

u V (X) > V (Y ) xy < B> B 3 B4 X u ;p 4 @ s pn 5q 9 r @ > C p B ; x Y@ > p < B ; B> ; B

9| ° ° � E V r 9> 9 p 9> B @ | V (X) ≥ V (Y )y < B> B 3 B4 X ≥ YE
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VL(X) :=

∫ 1

0

L(t, F−1
X (t))dt u � x

º» # ¼# $ �. �# '½ ¾ ¿À (Ω,F , P ) Á ¿Â ÃÂ Ä À ÃÅ ÆÇ ÄÂ È VL Á ¿ Ã É À ÊË ¿

ÌÍ ÎÐÏ ¾ ¿À L ∈ C2([0, 1] × R)Ï Ñ Ò ¿ É ÃÓ Ó ÃÔ ÆÂ Õ ÄÖ ¿ ¿ ×&Ø ÆÙ ÄÓ ¿Â ÀÚ

Û Ï VL ÆÜ Ý ÝÞ Ë Ö ¿ Ü ¿Ö Ù ÆÂ Õß

à Ï ∂xL ≥ 0, ∂xxL ≤ 0 ÄÂ È ∂txL ≤ 0 ÃÂ [0, 1] × R

á Ï VL ÆÜ Ç ÃÂ Ç Ä Ù ¿ß Å ÃÂ Ã À ÃÂ ¿ ÄÂ È σ(L∞(Ω), L1(Ω)) Ø Ë Ë ¿Ö

Ü ¿Å Æãâ Ç ÃÂ À ÆÂ Ø Ã Ø Ü Ï

ä 4 9 r > 9y 9> 6 y B C ; ; D r B p < C p L ;C p @ ;² B ; p < B = 4 B 3@ 9 D ;

= 4 9 = B4 p @ B ;E

° p 4 @ s p ° ° � < 9n q ;@ | L(t, .)@ ; ;p 4 @ s pn 5 s 9> sC 3 B 94 ∂txL < 0E
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¯ B 5 > 9 p @ 9> 9| s 9 r 9 > 9 p 9 > @ s@ p 5

XC > q Y C 4 B s 9 r 9 > 9 p 9 > B y < B> B 3 B4

(X(ω) −X(ω′))(Y (ω) − Y (ω)) ≥ 0, P ⊗ P C E ;E

u XC > q Y C > p @ s 9 r 9 > 9 p 9 > Bo X C > q −Y s 9 r 9 > 9 p 9 > B xE

C n ; 9 r BC > ; p < C p XC > q Y C 4 B > 9> q B s4 BC ;@ > w � v �@ = ; s < @ p�

| D > s p @ 9 > ; 9| p < B@ 4 ; D r E
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� > q B4 p < B C ; ;D r = p @ 9> ; 9| ë 4 9 = 9 ;@ p @ 9> �6 9 > B < C ;o

VL(X) = inf
U D > @ | 94 r E(L(U,X)).

C > q

VL(X) = E(L(U,X))

| 94 B 3 B4 5 U D > @ | 94 rn 5q @ ;p 4 @ t D p Bq C > q s 9 r 9> 9 p 9> B y @ p < XE
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� ; ;D r B p < C p L@ ; 9| sn C ; ; C2C > q o

∂xL ≥ 0, ∂xxL ≤ 0, ∂txL < 0 9> [0, 1] × R.

« < B ; D = B4q @~ B4 B> p @ Cn 9| VLC p X ∈ L∞(Ω)q B> 9 p Bq ∂VL(X)@ ;

q B² > Bq t 5o

∂VL(X) := {µ ∈ (L∞)
′o VL(Y )−VL(X) ≤ 〈µ, Y −X〉 , ∀ Y ∈ L∞}

VL@ ; mò p BC D � vq @ ~ B4 B> p @ C t n B C p X@ |o
Y ∈ L∞(Ω) 7→ D+VL(X;Y ) := lim

t→0+

1

t
[VL(X + tY ) − VL(X)]

q B² > B ; C s 9> p @ > D 9 D ;n @ > B C 4 | 94 r 9> L∞(Ω)6 q B> 9 p Bq V ′
L(X)E
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ô / �# » � � ½ ¾ ¿À X ∈ L∞(Ω)ß À Ò ¿Â À Ò ¿ É ÃÓ Ó ÃÔ ÆÂ Õ Ò ÃÓ È ÜÚ

Û Ï ∂VL(X) := co{∂xL(U,X), U Ø Â Æ É Ã Ö Å ß Ç Ã Å ÃÂ Ã À ÃÂ ¿ Ô ÆÀ Ò X}
Ô Ò ¿Ö ¿ co È ¿Â Ã À ¿ Ü Ç Ó Ã Ü ¿ È Ç ÃÂ Ù ¿õ Ò Ø Ó Ó ÃË ¿Ö Ä À Æ ÃÂ É ÃÖ À Ò ¿ L1(Ω)

À ÃË ÃÓ Ã Õ Ê ß

à Ï ÄÂ Ê ¿Ó ¿Å ¿Â À Ã É ∂VL(X) ÆÜ ÄÂ À ÆÇ Ã Å ÃÂ Ã À ÃÂ ¿ Ô ÆÀ Ò Xß

á Ï È ¿ öÂ ÆÂ Õ ΩX := {ω ∈ Ω : FX ÆÜ Ç ÃÂ À ÆÂ Ø Ã Ø Ü Ä À X(ω)}ß É Ã Ö

¿ Ù ¿Ö Ê Ψ ∈ ∂VL(X) ÄÂ È Ä Ï ¿Ï ω ∈ ΩXß ÃÂ ¿ Ò Ä Ü

Ψ(ω) = ∂xL(FX(X(ω)), X(ω))ß

Í Ï VL ÆÜ ÷ø À ¿ Ä Ø õ â È Æ ù ¿Ö ¿Â À Æ Ä ÁÓ ¿ Ä À X Æ É ÄÂ È ÃÂ Ó Ê Æ É FX ÆÜ

Ç ÃÂ À ÆÂ Ø Ã Ø Ü ß ÆÂ Ô Ò ÆÇ Ò Ç Ä Ü ¿ß ÃÂ ¿ Ò Ä ÜÚ
∂VL(X) = {V ′

L(X)} = {∂xL(FX ◦X,X)}.
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L∞
+ (Ω,F , P )o ; B p 9| t 9 D > q Bq ;p C p B s 9> p @ > w B> p s 9> ; D r = p @ 9> ;E

� B p ψ ∈ L1
+(Ω)y @ p < E(ψ) = 1t B C = 4 @ s@ > wq B> ;@ p 5 E � 9> ;@ q B4 C >

C w B> p y @ p < D p @ n @ p 5 V : L∞(Ω) → R ∪ {−∞}C > q @ > s 9 r B w > 0E

� w B> püû ;q B r C > q | 94 ;p C p B s 9> p @ > w B> p sn C @ r ;@ ; p < B ; 9n D p @ 9> p 9o

(D) sup{V (X)o E(ψX) ≤ w6 X ≥ 0}. uþý x

� ; ;D r B V@ ; ;p 4 @ s pn 5° ° � = 4 B ; B4 3@ > w u< B> s Bn C y @ > 3 C 4 @ C > p x C > q

D E ;E s E s 9> sC 3 B C > q p < C p p < B s D r D n C p @ 3 B Fψ@ ; s 9> p @ > D 9 D ; u 94

B { D @ 3 Cn B> pn 5 F−1
ψ @ ; ;p 4 @ s pn 5 @ > s4 BC ;@ > w xE
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³> p D @ p @ 9> ;D w w B ;p ; p < C p p < Bq B r C > q = 4 9t n B r r C 5 t B 4 B ;p 4 @ s p Bq

p 9 p < B sn C ; ; 9| > 9> @ > s4 B C ;@ > w| D > s p @ 9> 9| p < B = 4 @ s B @ E B E uþý x r C 5

t B 4 B ;p 4 @ s p Bq p 9 sn C @ r ; 9| p < B| 94 r X = x(1 − Fψ(ψ))y @ p <

x ∈ AC > q

A := {xo [0, 1] → R+6 x> 9 > q B s4 BC ;@ > w }.

> 9 p B p < C p X = x(1 − Fψ(ψ)) ⇒ x = F−1
X E
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³> q B Bq 6 ; B p p @ > w q(t) := F−1
ψ (1 − t)C > q v(x) = V (x ◦ U) u U

D > @ | 94 rn 5q @ ;p 4 @ t D p Bq x6 9 > B < C ;o

º» # ¼# $ �. �# ' 0 X̄ ÆÜ Ä Ü ÃÓ Ø À Æ ÃÂ Ã É (D) Æ ù X̄ = x̄(1 − Fψ(ψ))

ÄÂ È x̄ ÆÜ Ä Ü ÃÓ Ø À Æ ÃÂ Ã É Ú
(D̃) sup{v(x)Ú x ∈ Aß x Á Ã Ø Â È ¿ È ÄÂ È

∫ 1

0

q(t)x(t)dt ≤ w}

� ×&Ø ÆÙ ÄÓ ¿Â À Ó Ê ß À Ò ¿Ö ¿ ¿õ ÆÜ À Ü λ > 0 Ü Ø Ç Ò À Ò Ä À x = xλß Ü ÃÓ Ø À Æ ÃÂ Ã É

sup
y∈A

v(y) − λ

∫ 1

0

q(t)y(t)dt u	� x

ÄÂ È ∫ 1

0
q(t)xλ(t)dt = wÏ
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³| y B| D 4 p < B4 ; = B s@ | 5 V 9| p < B| 94 r u � x6 y B < C 3 B p 9 ; 9n 3 B| 94

² � Bq λ > 0o

(Pλ) sup
x∈A

∫ 1

0

(L(t, x(t)) − λq(t)x(t))dt+ g(x(0))

C > q p < B> ² > q λ ; D s < p < C p p < B t Dq w B p s 9 > ;p 4 C @ > p < 9n q ;E

A 9> 9 p 9> @ s@ p 5 s 9> ;p 4 C @ > po C sn C ; ;@ sCn = 4 9t n B r @ > p < B Cq 3 B4 ; B

; Bn B s p @ 9> n @ p B4 C p D 4 B u A D ; ;C v ? 9 ; B> 6 m D B ;> B4 @ B v � C~ 9> p 6 ? 9 s < B p xE
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� ; ;D r = p @ 9> ;

• L ∈ C1([0, 1] × R
∗
+,R)6 g ∈ C1(R∗

+,R)6

•| 94 B 3 B4 5 t ∈ [0, 1]6 L(t, .)@ ; ;p 4 @ s pn 5 s 9> sC 3 B @ > s4 BC ;@ > w 9>

R
∗
+6 g@ ; ;p 4 @ s pn 5 s 9> sC 3 B @ > s4 BC ;@ > w 9> R

∗
+6 C > q o

lim
x→+∞

sup
t∈[0,1]

max(L(t, x), 0)

x
= 0 u	
 x

• p < B4 B B � @ ;p ; q0 > 0 ;D s < p < C p q ≥ q0 9> [0, 1]6 q@ ; s 9 > p @ > D 9 D ;

9> [0, 1]6

• p < B| 9n n 9y @ > w| D > s p @ 9>o

x̃λ(t) := argmaxx∈R+
(L(t, x) − λq(t)x).

x̃λ@ ; �@ = ; s < @ p� s 9 > p @ > D 9 D ; 9 > [0, 1]6
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• � �. / �» o
lim
x→0+

g′(x) = +∞,# » u	� x

lim
(t,x)→(0+,0+)

∂xL(t, x) = lim
ε→0+

∫ δ

0

∂xL(t, ε)dt = +∞, ∀δ ∈ (0, 1).

u	� x

� > q B4 p < B = 4 B 3@ 9 D ; C ; ;D r = p @ 9> ;6 p < Bq B r C > q = 4 9t n B r Cq r @ p ; C

D > @ { D B ; 9n D p @ 9 > x6 C > q (Pλ)Cq r @ p ; C D > @ { D B ; 9n D p @ 9> xλ| 94

B 3 B4 5 λ > 06 r 94 B 9 3 B4 xλ@ ; �@ = ; s < @ p� s 9> p @ > D 9 D ;6 < B> s B

q @~ B4 B> p @ C t n B C E B E 6 | 94 B 3 B4 5 λ > 06 C > q xλ(0) > 0E
ÿ �� ¡© �� �£ �   �� ¢ ^�é
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ä 94 λ > 06 xλ6 ; 9n D p @ 9 > 9| (Pλ)@ ; s < C 4 C s p B4 @� Bq t 5

º» # ¼# $ �. �# ' � ¾ ¿À λ > 0 ÄÂ È x ∈ A ∩ L∞ ÄÂ È Ó ¿À Λ Á ¿ È ¿ öÂ ¿ È

É Ã Ö ¿ Ù ¿Ö Ê t ∈ [0, 1] Á ÊÚ
Λ̇(t) := ∂xL(t, x(t)) − λq(t) ÄÂ È Λ(1) = 0 u � � x

À Ò ¿Â x = xλ Æ É ÄÂ È ÃÂ Ó Ê Æ É x ÆÜ È Æ ù ¿Ö ¿Â À Æ Ä ÁÓ ¿ Ä Ï ¿Ï ÄÂ ÈÚ

(i) Λ ≥ 0ß ÄÂ È Λ(t)ẋ(t) = 0 Ä Ï ¿Ï ,
(ii) x(0) > 0 ÄÂ È Λ(0) = g′(x(0)).

� n n 9y ; p 9 ; 9n 3 B u 3 B4 5 ;@ r =n 5 @ > ; 9 r B sC ; B ; B E w E ?� � x (Pλ)t 5

p < B ; 9 v sCn n Bq ÆÖ ÃÂ ÆÂ Õ = 4 9 s Bq D 4 B E
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! � � � ¼ � �½

� s 9> p @ > D 9 D ; ?� � B� C r =n B
u(x) = ln(x)6 F−1

ψ (t) = q(1 − t) = etC > q p < C p p < Bq @ ;p 94 p @ 9> f@ ;

w@ 3 B> t 5o

f(t) =
9

2
+ et(−

9

2
+

19

2
t−

9

2
t2 + t3)

⇒p y 9� C p � 9 > B ; u ;p 4 C > wn Bq q B r C > q x
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4.97

4.98

4.99

5

5.01

5.02
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�� �µ �� �� j j

! � � � ¼ � �0

?� � y @ p < q @ ; s 9> p @ > D 9 D ;q @ ;p 94 p @ 9> ;6

L(t, x) = (1 − ε)β(1 − t)β−1 ln(x)6 g(x) = ε ln(x)6 β ≥ 16

ε ∈ [0, 1)E ë 4 @ s B ; D > @ | 94 rn 5q @ ;p 4 @ t D p Bq 9> [1, 2]6 @ E B E q(t) = 2 − t

³| ε = 0o � C p q B r C > q | 94 β ≥ 4/36 � C p q B r C > q 9 > n 5| 94 n 9y

= 4 @ s B ; 9 p < B4 y @ ; B E

³| ε > 0o q B r C > q Cn y C 5 ;� C p | 94 < @ w < = 4 @ s B ;6 p 9 p Cn n 5 � C p | 94

β ≥ β(ε) u β(.)> 9> @ > s4 BC ;@ > w xE
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j�

flat case (epsilon or beta large)
epsilon=0 and beta<4/3
strangled case (small epsilon>0 and beta small)

 

0.32

0.34

0.36

0.38

0.4

1 1.2 1.4 1.6 1.8 2
Psi
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�� �µ �� �� j �

! � � � ¼ � � �

? � �o L(t, x) = ln(t+ x)C > q C ; = 4 B 3@ 9 D ;n 56 = 4 @ s B ; C 4 B D > @ | 94 rn 5

q @ ;p 4 @ t D p Bq 9> [1, 2]6 @ E B E q(t) = 2 − tE

•� C p q B r C > q y < B> w ≤ 3/(2e3/2 − 2)6

•q B s4 BC ;@ > w p < B> s 9> ;p C > p | 94 < @ w < = 4 @ s B ;y < B>

w ∈ (3/(2e3/2 − 2), 10/3]6
•q B s4 BC ;@ > w 6 y < B> w > 10/3E

? � �o Cn n 9y ; 4 @ s < B4 @ > s 9 r B B~ B s p ; p < C > ?� � u@ > p < Bn C p p B4 sC ; B6

p < B > D r t B4 9| � C p � 9> B ;@ ;@ > q B = B> q B> p 9| w xE
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4 56 7 8:9; <= >? 7@ 9 56 ?A B <CD C <C 9 = V1 E V2 E 7 8 8 ? 9 8 7 <9 9; F6 5 @ 9; <

X0 ≥ 0 E 5 9 C 8HG < λ ∈ (0, 1)

sup{λV1(X) + (1 − λ)V2(X0 −X) : 0 ≤ X ≤ X0}

I = = B @ 9 <G 7 < FX0

C = J6 ; <C; B6 B = 7; F V1 E V2 7 ? 9 = < ? C J <D KML L N E

J6 ; J 7O 9 BP = P JP
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j 2 + ,)k * - *l m- n jk 2 ,) m +

o 9 K 6p = 9 ? O 7 <C6 ; q; 6 ; J6 @ 6 ; 6 <6 ; 9 r 7 C ? = 7 ? 9 F6 @ C; 7 <9 Fp K

J6 @ 6 ; 6 <6 ; 9 6 ; 9 = P s; 9 @ 7 K <G 9 ? 9 >6 ? 9 ? 9 = < ? C J < 7 < <9; <C6 ; <6

5 9 7D <G = 6 > <G 9 >6 ? @ (x(FX0
(X0)), (x0 − x)(FX0

(X0))) 5 G 9 ? 9

x0 := F−1
X0

7; F x ∈ A2 q
A2 := {x q [0, 1] → R : 0 ≤ x ≤ x0, x 7; F x0 − x; 6 ; F 9 J ? 9 7 = C; 8 }.

t > V1 7; F V2 7 ? 9 uv w E <G 9x 7 ? 9 <6 x ?6p D 9 @ 7@ 6 B; < = <6 q

sup
x∈A2

∫ 1

0

Lλ(t, x(t))dt+ gλ(x(0)). y{z z |
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5 G 9 ? 9 q

Lλ(t, x) = λL1(t, x) + (1 − λ)L2(t, x0(t) − x)

7; F q

gλ(x) = λg1(x) + (1 − λ)g2(x0(0) − x).
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w; F 9 ? 7 = = B @ r <C6 ; = = C @ CD 7 ? <6 <G 6 = 9 6 > <G 9 F 9 @ 7; F r ?6p D 9 @ E <G 9

= 6 D B <C6 ; 6 > <G 9 r ? 9 O C6 B = r ?6p D 9 @ C = JG 7 ? 7 J <9 ? C� 9 Fp K q

�� � � ��� �� �� �� �� x ∈ A2� �� Λλ� � � � � � �� � ���

Λ̇λ(t) = ∂xLλ(t, x(t)) �  ¢¡£ � ¤ ¤ t ∈ [0, 1],Λλ(0) = 0.

¥ ¦ � � x = xλ � � ¦ �§ ¡ ¤¨ �© ¡ � ¡   ª{« « ¬ �© ­ � ¦ �  ¢¡ ¤ ¤¡® © � ¯¢° ¡ �� © �© ¡ �§

¦ ¡ ¤� �

(i) (Λλ − Λλ(1))+ẋ = 0,� ± � ±
(ii) (Λλ − Λλ(1))−(ẋ0 − ẋ) = 0,� ± � ±
(iii) 0 < x(t) < x0(t)   ¡£ � ¤ ¤ t ∈ [0, 1],� �� Λλ(1) = −g′λ(x(0)).
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7 8:9; < 7; F 7; u N w 7 8:9; <Pº B ? <G 9 ? 7 = = B @ 9 <G 7 < <G 9 7 8 8 ? 9 8 7 <9

9; F6 5 @ 9; < X0 C = B; C >6 ? @ D K F C = < ? Cp B <9 F 6 ; [0, 1]P L r 9 J C» J 7 <C6 ;

L1(x) = xγ E L2(t, x) = β(1 − t)β−1xγ E γ ∈ (0, 1) E β ≥ 1 E

g1 = g2 = 0P
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· Á j )k ) Â- ) 2

I 8 8 ? 9 8 7 <9 9; F6 5 @ 9; < X0 E (X1, X2) >9 7 = Cp D 9 CÃ X1 +X2 = X0

7; F 0 ≤ X1 ≤ X0P

I < ? C rD 9 (X∗
1 , X

∗
2 ,Ψ

∗) ∈ (L∞
+ )2 × (L∞)′+ 5 C <G (X∗

1 , X
∗
2 ) >9 7 = Cp D 9

C = 7; 9 Ä B CD Cp ? C B @ 5 C <G < ? 7; = >9 ? r 7 K @ 9; < = C > >6 ? i = 1, 2 E X∗
i= 6 D O 9 =

maxVi(Xi)= P <P 〈Ψ∗, Xi〉 ≤ 〈Ψ∗, X∗
i 〉 , Xi ∈ L∞

+

(X∗
1 , X

∗
2 ,Ψ

∗) ∈ (L∞
+ )2 × (L∞)′+ 5 C <G (X∗

1 , X
∗
2 ) >9 7 = Cp D 9 C = 7;

9 Ä B CD Cp ? C B @ C > C < C = 7; 9 Ä B CD Cp ? C B @ 5 C <G < ? 7; = >9 ? r 7 K @ 9; <= = B JG

<G 7 <

〈Ψ∗, X∗
1 〉 = 〈Ψ∗,W1〉 . y{zÅ |

5 G 9 ? 9 W1 E W2 7 ? 9 <G 9 7 8 9; <=ÇÆ C; C <C 7D 9; F6 5 @ 9; <=

y X0 = W1 +W2 |P
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t > B <CD C <C 9 = 7 ? 9 = B r 9 ? F CÃ 9 ? 9; <C 7p D 9 E (X∗
1 , X

∗
2 ,Ψ

∗) y 5 C <G (X∗
1 , X

∗
2 )

>9 7 = Cp D 9 | C = 7; C; <9 ? C6 ? 9 Ä B CD Cp ? C B @ 5 C <G < ? 7; = >9 ? r 7 K @ 9; <= C Ã

<G 9 ? 9 9 ¹ C = <= λ ∈ (0, 1) 7; F α > 0= B JG <G 7 <

λ∂V1(X
∗
1 ) ∩ (1 − λ)∂V2(X

∗
2 ) 6= ∅ 7; F

αΨ∗ ∈ λ∂V1(X
∗
1 ) ∩ (1 − λ)∂V2(X

∗
2 ).

t; r 7 ? < C J BD 7 ? E (X∗
1 , X

∗
2 )= 6 D O 9 = <G 9 r ?6 p D 9 @

sup{λV1(X1) + (1 − λ)V2(X2) : (X1, X2) >9 7 = Cp D 9 }

G 9; J9 C =x 7 ? 9 <6 9Î J C 9; <P
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Ò 2- 2 n * , *- )Ó 2 ,) m +

uv w J 7 = 9

�� � � ��� �� �� ÔÕ § § ¨Ö � � ¦� � g1 = g2 = 0 � � ¦ � �

(X∗, X0 −X∗,Ψ∗)© § � � © � � �£ © ¡£ � × ¨ © ¤© � £ © ¨Ö ® © � ¦ �£ � �§   �£

Ø� �Ö � � �§ © ­ � ¦ �£ � �Ù © § �§ λ ∈ (0, 1)§ ¨° ¦ � ¦� �

« ± X∗ = xλ(FX0
(X0)) �

Ú ± Ψ∗ ∈ L1
+� �� Ψ∗© § Ø£ ¡ Ø ¡£ �© ¡ �� ¤ � ¡ pλ(FX0

(X0))® © � ¦

pλ(t) =





λ∂xL1(t, xλ(t)) ¡ � � ¦ �§ ¨ Ø Ø ¡£ � ¡   dxλ
(1 − λ)∂xL2(t, (x0 − xλ)(t)) ¡ � © �§ ° ¡ Ö Ø ¤ �Ö � � �
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