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e 1-dim. standard G-normal distribution
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and main properties.

e 1-dim. G-Brownian motion, G-expectation: main properties.

e Stochastic integral of G-BM,

quadratic variation processes

and Itd's formula

e The existence and uniqueness of SDE

e Dynamic risk measures.

1-..




[Pengl1997] g—expectation

see [Book: BSDE, El Karoui & Mazliak]
[Peng1999]: Nonlinear Doob-Meyer THM
[Chen-Peng1998-2000]
[Briand-Coquet-Hu-Memin-Peng2000-2003]
[Chen-Epstein2002] Ambiguity by g-expectation
[Rosazza Gianin2003] Dynamic risk measure by

g-exp.




[Barrieu-El Karoui2004] Risk measure by g-exp.

[Kl6ppel-Schweizer2005] utility valuation

[Delbean-Peng-Rosazza Gianin2006]

[Peng2006] Statistical test of CME's market
maker's dynamic risk-measures by g-exp.
criteria

[Peng Xu2006] gr—Epectation




[Lyons1995AMF] Uncertain volatility and the risk

free synthesis of derivatives.

Recall: a classical standard normal distribution
& ~N(0,1):

EQ(&)]

00

1 2
= e z@(y)dy, Voelip(R
\/ﬁfw @(y)dy, Voelip(R)

or E[g(&)] =u(1,0)
du—302,u=0, u(0,X) = Q(x).

U(t,X) = E[(p(X+ \/fz)]’ Vee Ilp(R)
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Def. A real valued random variable & with the
standard G—normal distribution is defined

by its G—expectation:

E[@&)] :==u(1,0), VYoeclip(R)

where u=u(t,X): the solution of the

nonlinear heat equation

1 _
Ou— > [(0%u) " —05(0%u) 1 =0, u(0,x) =@,

2
Op € [0, 1]

fixed




nonlinear heat equation

1 _
o~ 5 [(05u) " — a§(0%u) ] =0, u(0.x) =0,

Op € [0,1] fixed




or, G—heat equation

du—G(02,u) =0, u(0,x) = @(X).

with 1
G(a) = 5(a" —oFa)

= %SUR/e[co,l] va, ac R




Lemma. If € is standard G—normal distributed,

then the function

u(t,x) = E[@(x+ V)]
is the solution of the G-heat equation with the

initial condition u(0,-) = @(-).

PE(9) (%) = E[@(x+ vt x 8)],
(t,x) € [0,0) x R.




Nonlinear Bachelier-Wiener-Kolmogorov—Chapman chain rule:

PE(PE(9)(¥) = PSs(@) (%),

st>0, xeR.




Proposition. For each t > 0, the G—normal distribution is a sublinear
expectation on lip(R), satisfying, for each ®,% € lip(R),
(a) Monotonicity:
P> — E[®E)] =EW (E)
(b) Preserving of constants: E[c] =
(c) Sub-additivity:

E[®(8)] - E[W(§)] <E[®(§) —W(E)],
(d) Positive homogeneity:

EM®(E)] = AE[D(E)], VA > 0.
(e) Constant translatability:

E[®(Z) +c] = E[®(&)] +c.
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{®(§), @e<lip(R)} forms a normed space:
o€l := E[|@)]]

with & E"W(E) as special elements
For each convex @ we have

E[@(v/E8)] = = /%, ¢(x) exp(— % )dx
E[-(VEE)] = ke J % G0 XD~ 555 )X

2mntog
In particular, we have

E[\ﬁz] _ O, E[22n+l] _ E[_EZHJrl]
E[tE?] =t, E[-t&?] = —ao?t.

|




H..

N\

N




Q:=Cy(R")
(0 )ier+, with g =0, Bi(w) =y
with the distance

p(wt, w?) ::';2 "T(max |t — w?|) Adl.

te[0,i]
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Consider the space of random variables:

Llop(}ﬁ') = {X((*)) = (P(Btl((k)), T vBtm((*)))a
Qe lip(R™ ty,--- ,tm € [0,T],¥Ym}.

It is clear that LPP(}E) c Liop(}ﬁ-), for t <T. We also denote

L% (#) = | L% (%)
n=1

IR
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Def. Canonical process Bi(w) = oy, t > 0,
is called a G-Brownian motion under the
G-expectation E: Lj (%) — R

if By is G-normal distributed: the
G-expectation of X = @(B) is:

E[p(B)] = E[@(VtE)], € lip(R)

If X = ¢(Br — By):
E[g(Br —B)] = E[@(VT —t&)]

and Voe lip(R™M), 0<tg < -+ <tm < o

we have

IR




E[(p(Bthtz_Btla"' aBtm_Btm—l)] :(pm
QelipRM), 0<t; < - - <tp< oo

@ is obtained via the backward deduction:

(pl(XL e 7Xm—1) = E[(p(XL e 7Xm—17 V tm _tm—lz)]
@ (X1, Xm—2) = E[@u(X1, -+, Xm-2, v/tm—1 — tm—28&)]

@n-1(%1) = E[@m-2(x1, vVi2 —118)]
O = El@gn-1(vVta&)].

IR




Qelip(RM), 0<t; < - <tp<

The G—conditional expectation of X = @(By,,B;, —By;,---

under H ,:

E[X|Htmfl] = E[(p(Btp o 7Btm - Btm71)|}£mfl]
= (pl(B[17 e 7Btm—1 o Btm—z)'

(pl(xla T ,Xm,]_) = E[(p(XL s Xme1 Btm_B[m—l)]
Backward deduction:

E[xlﬁm_z} E[X|}£m—3] E[xlﬂl] = m(By,)
The G-expectation of X: E[X] =E[@n(B,)]

s B

— Btm—l)

IR




E[] consistently defines a sublinear expectation
on Liop(ﬂ-[T) and Liop(}[) satisfying (a)—(e).
Thus
IXI| :=E[IX], X € Li,(%#) (resp. Li(#)

forms a norm

L?p(ﬂ-ﬁ-) (resp. Liop(}[)) can be continuously
extended to a Banach space

denoted by L& () (resp. LY (#H)).

IR




For each 0 <t <T < o, we have
LL (%) C LE(#) C LE(#).

It is easy to check that, in LL(#) (resp.

LL(#5)), E[] still satisfies (a)—(e).

IR




Def. The expectation

E[]:LE(#H) —R

is called G—expectation.
The canonical process B is called a

G-Brownian motion under E[-].

IR




For each p> 1, we denote

La(#) = {X e L§(70), IX[P € Lg(#))}.
L&(#H) is a Banach space under

X[ := (B[|X[P))Y/P. We have

IX+Y < IXlp+1Y1p
XY =E[XY[] < [IXI]I, [1X]lg,
VX eL®, YelLd(Q), 1/p+1/q=1
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Lemma. E[[#] : LY, (#r) — L,(%) is a

continuous mapping under ||-|| since:

E[E[X|74] - E[Y|#]] <E[X -],
IE[X|74] — E[Y|24])|| < [IX =Y.

E[-|#] can be extended as a continuous
mapping LE(#Hr) — L ().

IR
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Proposition. For each X, Y € LL(#):
(i) E[X|74] =X, for X € LL(#), t<T.
(i) If X >, then E[X|#] > E[Y|7].
(iii) E[X| 7] - E[Y|#4] <E[X -Y|7].

(v)  E[EX|7]|76] = E[X|%nd),
E[E[X|#4]] = E[X]

G

(v) EX+n|#] = E[X|#]+n, n € L§(%).

(vi) EINX|#4] = n*E[X|24] +nE[-X| #{],

IR




v n e Li(#H).

(vii) For each X € L (74

H).

E[X|#] =

E[X].
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where LL(#4) is the extension, under ||-||, of

L (#4) = @(By, — By, By, — By, By, — By, ).
@elip(RM), tg, - ,tm € [t,T].

IR




Def. X € LL(#) is said to be independent of
4 under E for some given t € [0, ), if for
each real function ® with ®(X) € LE(#), we

have

E[®(X)| 7] = E[®(X)].

IR




Example. E[|B; — Bs|"|#4] = E[|B_s|"]

= e I e
But
E[- [B — Bq|"|76) = B[~ [Br—s|"] =

—GgE(|Brs|".
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As in classical cases, we have

E[(Bt —Bs)?|#Hg =t —s,

E[(B — Bs)*| 7] = 3(t — 5)?
E[(Br — Bs)®| 7] = 15(t — 5)*,
E[(B; — Bs)8| ] = 105t — 5)*

E[JB — B2 = Y25

_q)3/2
By — B3] ] = A0

"W’




Example. Foreachn=1,2--- 0<t<T
and X € Lé(%),

we have

E[|X|(Br —By)*" '] = E[IX[]- E[B{""]

E[X(Br — By)|Hs| = E[-X(Br — B)| 74| =0

IR




We also have
E[X(Br —By)?|#] = X (T —t) —0gX (T —t).

EX]-E[Y] <E[X-Y], VX,Y € L{,(#)
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I1td’s integral of G-Brownian motion

Def. For T € Ry, a partition Tir of [0,T] is a
finite ordered subset T = {t,---,tn} such that
O=to<ty<---<ty=T.

W(Ter) = max{|tir1 —t[,i=0,1,--- ,N—1}.

IR




Def. For each n e M2%(0,T), i.e.,
Nt = Z}E It tia) € E]ELp(H)

the related Bochner integral is

T N—1
n(@dt=5 & ()t —t), & €L,
/0 t jZOI j+1 J) J c(H;)

IR




s

Def. For each p> 1, we will denote
by ME(0,T) the completion of Mg’O(O,T) under

the norm
(F Jo [[nf]|dty?
1/
- (3SR @ Pl -)

We observe that,

] [ nieat] < [ Bt

IR
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Proposition. The linear mapping

and thus can be continuously extended to
ME(O,T) — LE(#r). We still denote this

We have
E[ fo ne(w)dt]] < fg E[ne]dt, ¥n € ME(0,T).

f(;r Ne(w)dt: MéO(O,T) + LL(##r) is continuous.

extended mapping by [y Ne(w)dt, n € ME(0,T).

IR




Def. For each n € M2°(0,T) with the form

Z’E l[t t1+1

we define

/ NSdBi='S & By —

By,).

IR




Lemma. | : MéO(O,T) — L& (#47) is a linear
continuous mapping and thus can be
continuously extended to

| :MZ(0,T) — LE(H):

/nst

B(( [ (9087 < / E[(n (1))t

IR




Def. We define, the stochastic integral

/OT n(s)dBs:=1(n), neMZ0,T)

/StrludBu = /OT'[s.,t](U)r]udBJ,
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Proposition. We have

(i) JanudBy= f{NudBy+ i NudBy.
(i) J3(anu+8y)dB, = a finudBy+ J§ 6,dB,
a € LE(H)

(iii)) E[X + [, nudBy| ] = E[X], VX € LL(#).

IR




Quadratic variation process of G-BM

™, N=1,2,---: partitions of [0,t].

Bt 20 J+1

N—

= %ZBIN Bt;\ﬂrl* Bn) + zo(Blj\‘H B[JN)Z

the 1st term tends to f(t, BsdBs.

IR




We denote:

N-1

t
; _R.2_R2_

(B);, t >0, is an increasing process called

quadratic variation process of B.

IR




(B); is not a deterministic process unless

o=1

Lemma. E[(B)s ,— (B)s|Hs| =t,
E[~(({B)s — (B)s)| 7] = —0jt,

IR




The integration w.r.t. d(B):
Ne(w) = Zj o &j(w W)t t;,,)(t) €

Qor(N / n(s

Qot(n) : Mg (0,T) =

Mg°(0,T)

(B, — (Bl,)
- Lt u&).

IR




Lemma. For each n € Mé’o(O,T),

T T
B[l [ n(9d()sl) < [ Elnslds
Thus Qo : Mé’O(O,T) — L1(#£) is a continuous linear mapping and
T T
El| [ n(©d(Bl) < [ Elndlds v eMEO.T).

IR




Lemma. For each fixed s> 0, ((B)s, — (B)s)t=0
is independent of #. It is the quadratic
variation process of the Brownian motion
B =Bsit—Bs, t >0, i.e.,
(B)ost — (B)s = (B9):.
We have
E[(B°)¢|#] = E[(B){] =t*.

as well as

IR
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Proposition. V 0 < s<t, £ € LL(%),

E[X+(Bf —BF)] = E[X+&((B); — (B)s)].

IR




Proposition. We have the following isometry

([ n(9aB = n*(9d(®)d,
nemgo,T)

IR
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Consider

X{’:X(‘J’+(/Otu§ds+/otn‘s’d<8>s+/0tB‘S’st

Theorem Let ¥, B¥ and n¥, v=1,---,n, are
bounded processes of M%(0,T). Then for each
t >0 and in LZ(#) we have

D(X) = (Xs) + 5 O (Xu) BBy

+ J5 0%, P(Xu)adu

+ Ja [0 D(Xu)NY + 302, D(Xy)BLRY]d (B),

IR
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We consider the following SDE: X = Xo+ [5 b(Xs)ds+ [ h(Xs)d (B)s+
J50(Xs)dBs, t € [0, T].where Xo € R" is given and

b,h,0:R"— R" are given Lip. functions.
The solution: a process X € MZ(0, T;R")
satisfying the above SDE.

I
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We introduce a mapping:

A(Y):=1Y € M3(0,T;R") — MZ(0,T;R")

by

Lemma. For each Y,Y € MZ(0,T;R"), we

have the following estimate:

BIA(Y) - AP <C [ BN Yids

where C = 3K?2.

G

A(Y) :><0+/0t b(Ys)ds+/0t h(Ys)d<B>S+/0t o(Ys)dBs, t € [0,T].

"




Theorem. There exists a unique solution
X € MZ(0,T;R") of the stochastic differential

equation.
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G—expectation E[-] cannot be in a framework of
(@, 7.P)

But the classical Wiener expectation E[] is
dominated by E[-]:

E[X]—E[Y]<E[X-Y], VX,Y e L(#H).

Particularly (Bt)t>0 is a classical BM under E.

E[|X|], X € LY(#) is the classical L'-norm and

E[|(B), —t]] =0, ¥t>0.

In particular the above [t6's formula becomes

the classical one under L'-norm




If Ga(a) = 3(va" —yoa ), 0<Yo<Oo <Y
Then we can construct L(lal(}[) space and

related Gi—expectation Eq on Lg (#), with

E[X]-E[Y] <Ei[X-Y], XY €L, (H).

E4[-] forms a risk measure,
E[-] is well-defined on Lél(ﬂ-[) but not inversely

E;[:] dominates many dynamic risk measures
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Example. Stock price (S )i=0 on LE(#H)

d§ = S(pdt+pd(B); +0dB), S=s.

Different Eg dominated by E “reads” this

formula differently under the same framework
of LE(#H).

For example a linear Eg can “read” B; as

Bt:/otcpst\é

where W is a [Eg-classsical BM and

0o <@s<1 a.s. under Eg[]

"
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There is no ambiguity in the pointview of Egl[-].
We have (B), = [5 |@s|2ds under Eq[].

I
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