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� 1–dim. standard G-normal distribution
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and main properties.

� 1–dim. G-Brownian motion, G–expectation: main properties.

� Stochastic integral of G-BM,

quadratic variation processes

and Itô’s formula

� The existence and uniqueness of SDE

� Dynamic risk measures.
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Recall: a classical standard normal distribution

ξ ∼ N(0,1):

E[φ(ξ)] =
1√
2π

∫ ∞

−∞
e−

x2
2 φ(y)dy, ∀φ ∈ lip(R)

or E[φ(ξ)] = u(1,0)
∂tu− 1

2∂2
xxu = 0, u(0,x) = φ(x).

u(t,x) = E[φ(x+
√

tξ)], ∀φ ∈ lip(R)
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1 G–normal distributions

Def. A real valued random variable ξ with the

standard G–normal distribution is defined

by its G–expectation:

E[φ(ξ)] := u(1,0), ∀φ ∈ lip(R)

where u = u(t,x): the solution of the

nonlinear heat equation

∂tu−
1
2
[(∂2

xxu)+−σ2
0(∂

2
xxu)−] = 0, u(0,x) = φ,

σ0 ∈ [0,1] fixed
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nonlinear heat equation

∂tu−
1
2
[(∂2

xxu)+−σ2
0(∂

2
xxu)−] = 0, u(0,x) = φ,

σ0 ∈ [0,1] fixed
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or, G–heat equation

∂tu−G(∂2
xxu) = 0, u(0,x) = φ(x).

with

G(a) =
1
2
(a+−σ2

0a−)

= 1
2 supγ∈[σ0,1] γa, a∈ R
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Lemma. If ξ is standard G–normal distributed,

then the function
u(t,x) = E[φ(x+

√
tξ)]

is the solution of the G–heat equation with the

initial condition u(0, ·) = φ(·).

PG
t (φ)(x) = E[φ(x+

√
t×ξ)],

(t,x) ∈ [0,∞)×R.
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Nonlinear Bachelier-Wiener-Kolmogorov–Chapman chain rule:

PG
t (PG

s (φ))(x) = PG
t+s(φ)(x),

s, t ≥ 0, x∈ R.
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Proposition. For each t > 0, the G–normal distribution is a sublinear
expectation on lip(R), satisfying, for each Φ,Ψ ∈ lip(R),
(a) Monotonicity:

Φ ≥ Ψ =⇒ E[Φ(ξ)]≥ E[Ψ(ξ)].
(b) Preserving of constants: E[c] = c.
(c) Sub-additivity:

E[Φ(ξ)]−E[Ψ(ξ)]≤ E[Φ(ξ)−Ψ(ξ)],
(d) Positive homogeneity:

E[λΦ(ξ)] = λE[Φ(ξ)], ∀λ ≥ 0.
(e) Constant translatability:

E[Φ(ξ)+c] = E[Φ(ξ)]+c.



G– . . .

1– . . .

S . . .

{φ(ξ), φ ∈ lip(R)} forms a normed space:

‖φ(ξ)‖ := E[|φ(ξ)|]

with ξn, ξnψ(ξ) as special elements

For each convex φ we have

E[φ(
√

tξ)] = 1√
2πt

∫ ∞
−∞ φ(x)exp(− x2

2t )dx

E[−φ(
√

tξ)] = −1√
2πtσ0

∫ ∞
−∞ φ(x)exp(− x2

2tσ2
0
)dx

In particular, we have

E[
√

tξ] = 0, E[ξ2n+1] = E[−ξ2n+1]

E[tξ2] = t, E[−tξ2] =−σ2
0t.



G– . . .

1– . . .

S . . .



G– . . .

1– . . .

S . . .

2 1–dimensional G–Brownian

Ω := C0(R+)

(ωt)t∈R+ , with ω0 = 0, Bt(ω) = ωt

with the distance

ρ(ω1,ω2) :=
∞

∑
i=1

2−i [(max
t∈[0,i]

|ω1
t −ω2

t |)∧1].
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Consider the space of random variables:

L0
ip(HT) := {X(ω) = φ(Bt1(ω), · · · ,Btm(ω)),

φ ∈ lip(Rm) t1, · · · , tm∈ [0,T],∀m}.

It is clear that L0
ip(Ht)⊆ L0

ip(HT), for t ≤ T. We also denote

L0
ip(H ) :=

∞⋃
n=1

L0
ip(Hn)
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Def. Canonical process Bt(ω) = ωt , t ≥ 0,

is called a G–Brownian motion under the

G–expectation E : L0
ip(H ) 7−→ R

if Bt is G–normal distributed: the

G-expectation of X = φ(Bt) is:

E[φ(Bt)] = E[φ(
√

tξ)], φ ∈ lip(R)

If X = φ(BT −Bt):

E[φ(BT −Bt)] = E[φ(
√

T− tξ)]

and ∀φ ∈ lip(Rm), 0≤ t1 < · · ·< tm < ∞
we have
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E[φ(Bt1,Bt2 −Bt1, · · · ,Btm−Btm−1)] = φm

φ ∈ lip(Rm), 0≤ t1 < · · ·< tm < ∞
φm is obtained via the backward deduction:

φ1(x1, · · · ,xm−1) = E[φ(x1, · · · ,xm−1,
√

tm− tm−1ξ)]
φ2(x1, · · · ,xm−2) = E[φ1(x1, · · · ,xm−2,

√
tm−1− tm−2ξ)]

...

φm−1(x1) = E[φm−2(x1,
√

t2− t1ξ)]
φm = E[φm−1(

√
t1ξ)].
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φ ∈ lip(Rm), 0≤ t1 < · · ·< tm < ∞
The G–conditional expectation of X = φ(Bt1,Bt2−Bt1, · · · ,Btm−Btm−1)
under Htm−1:

E[X|Htm−1] := E[φ(Bt1, · · · ,Btm−Btm−1)|Htm−1]

:= φ1(Bt1, · · · ,Btm−1 −Btm−2).

φ1(x1, · · · ,xm−1) = E[φ(x1, · · · ,xm−1,Btm−Btm−1)]

Backward deduction:

E[X|Htm−2] E[X|Htm−3] · · · E[X|Ht1] = φm(Bt1)

The G–expectation of X: E[X] = E[φm(Bt1)]
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E[·] consistently defines a sublinear expectation

on L0
ip(HT) and L0

ip(H ) satisfying (a)–(e).

Thus
‖X‖ := E[|X|], X ∈ L0

ip(HT) (resp. L0
ip(H ))

forms a norm

L0
ip(HT) (resp. L0

ip(H )) can be continuously

extended to a Banach space

denoted by L1
G(HT) (resp. L1

G(H )).
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For each 0≤ t ≤ T < ∞, we have

L1
G(Ht)⊆ L1

G(HT)⊂ L1
G(H ).

It is easy to check that, in L1
G(HT) (resp.

L1
G(HT)), E[·] still satisfies (a)–(e).
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Def. The expectation

E[·] : L1
G(H ) 7→ R

is called G–expectation.

The canonical process B is called a

G–Brownian motion under E[·].
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For each p > 1, we denote

Lp
G(H ) = {X ∈ L1

G(H ), |X|p ∈ L1
G(H )}.

Lp
G(H ) is a Banach space under

‖X‖p := (E[|X|p])1/p. We have

‖X +Y‖p ≤ ‖X‖p +‖Y‖p

‖XY‖= E[|XY|]≤ ‖X‖p‖X‖q ,

∀X ∈ Lp
G, Y ∈ Lq

G(Q), 1/p+1/q = 1
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Lemma. E[·|Ht ] : L0
ip(HT) 7→ L0

ip(Ht) is a

continuous mapping under ‖·‖ since:

E[E[X|Ht ]−E[Y|Ht ]]≤ E[X−Y],∥∥E[X|Ht ]−E[Y|Ht ]
∥∥≤ ‖X−Y‖ .

E[·|Ht ] can be extended as a continuous

mapping L1
G(HT) 7→ L1

G(Ht).
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Proposition. For each X, Y ∈ L1
G(H ):

(i) E[X|Ht ] = X, for X ∈ L1
G(Ht), t ≤ T.

(ii) If X ≥Y, then E[X|Ht ]≥ E[Y|Ht ].

(iii) E[X|Ht ]−E[Y|Ht ]≤ E[X−Y|Ht ].

(iv) E[E[X|Ht ]|Hs] = E[X|Ht∧s],

E[E[X|Ht ]] = E[X].

(v) E[X +η|Ht ] = E[X|Ht ]+η, η ∈ L1
G(Ht).

(vi) E[ηX|Ht ] = η+E[X|Ht ]+η−E[−X|Ht ],
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∀ η ∈ L1
G(Ht).

(vii) For each X ∈ L1
G(H t

T), E[X|Ht ] = E[X].
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where L1
G(H t

T) is the extension, under ‖·‖, of

L0
ip(H t

T) = φ(Bt1 −Bt1,Bt2 −Bt1, · · · ,Btm −Btm−1), m = 1,2, · · · ,
φ ∈ lip(Rm), t1, · · · , tm∈ [t,T].



G– . . .

1– . . .

S . . .

Def. X ∈ L1
G(H ) is said to be independent of

Ht under E for some given t ∈ [0,∞), if for

each real function Φ with Φ(X) ∈ L1
G(H ), we

have
E[Φ(X)|Ht ] = E[Φ(X)].
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Example. E[|Bt −Bs|n|Hs] = E[|Bt−s|2n]

= 1√
2π(t−s)

∫ ∞
−∞ |x|nexp(− x2

2(t−s) )dx.

But
E[−|Bt −Bs|n|Hs] = E[−|Bt−s|n] =−σn

0E[|Bt−s|n].
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As in classical cases, we have

E[(Bt −Bs)2|Hs] = t−s,

E[(Bt −Bs)4|Hs] = 3(t−s)2,

E[(Bt −Bs)6|Hs] = 15(t−s)3,

E[(Bt −Bs)8|Hs] = 105(t−s)4,

E[|Bt −Bs||Hs] =
√

2(t−s)√
π

E[|Bt −Bs|3|Hs] =
2
√

2(t−s)3/2
√

π
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Example. For each n = 1,2, · · · , 0≤ t < T

and X ∈ L1
G(Ht),

we have

E[|X|(BT −Bt)2n−1] = E[|X|] ·E[B2n−1
T−t ]

E[X(BT −Bt)|Hs] = E[−X(BT −Bt)|Hs] = 0
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We also have

E[X(BT −Bt)2|Ht ] = X+(T− t)−σ2
0X−(T− t).

E[X]−E[Y]≤ E[X−Y], ∀X,Y ∈ L0
ip(H )
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Itô’s integral of G–Brownian motion

Def. For T ∈ R+, a partition πT of [0,T] is a

finite ordered subset πN
T = {t1, · · · , tN} such that

0 = t0 < t1 < · · ·< tN = T.

µ(πT) = max{|ti+1− ti |, i = 0,1, · · · ,N−1}.
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Def. For each η ∈Mp,0
G (0,T), i.e.,

ηt =
N−1

∑
j=0

ξ j(ω)I [t j ,t j+1)(t), ξ j ∈ Lp
G(Ht j )

the related Bochner integral is

∫ T

0
ηt(ω)dt =

N−1

∑
j=0

ξ j(ω)(t j+1− t j), ξ j ∈ L1
G(Ht j )
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Def. For each p≥ 1, we will denote

by Mp
G(0,T) the completion of Mp,0

G (0,T) under

the norm

( 1
T

∫ T
0

∥∥ηp
t

∥∥dt)1/p

=
(

1
T ∑N−1

j=0 E[|ξ j(ω)|p](t j+1− t j)
)1/p

.

We observe that,

E[|
∫ T

0
ηt(ω)dt|]≤

∫ T

0
E[|ηt |]dt.
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Proposition. The linear mapping∫ T
0 ηt(ω)dt : M1,0

G (0,T) 7→ L1
G(HT) is continuous.

and thus can be continuously extended to

M1
G(0,T) 7→ L1

G(HT). We still denote this

extended mapping by
∫ T

0 ηt(ω)dt, η ∈M1
G(0,T).

We have

E[|
∫ T

0 ηt(ω)dt|]≤
∫ T

0 E[|ηt |]dt, ∀η ∈M1
G(0,T).
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Itô’s integral of G–Brownian motion

Def. For each η ∈M2,0
G (0,T) with the form

ηt(ω) =
N−1

∑
j=0

ξ j(ω)I [t j ,t j+1)(t),

we define

I(η) =
∫ T

0
η(s)dBs :=

N−1

∑
j=0

ξ j(Bt j+1 −Bt j ).
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Lemma. I : M2,0
G (0,T) 7−→ L2

G(HT) is a linear

continuous mapping and thus can be

continuously extended to

I : M2
G(0,T) 7−→ L2

G(HT):

E[
∫ T

0
η(s)dBs] = 0,

E[(
∫ T

0
η(s)dBs)2]≤

∫ T

0
E[(η(t))2]dt.
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Def. We define, the stochastic integral∫ T

0
η(s)dBs := I(η), η ∈M2

G(0,T)

∫ t

s
ηudBu :=

∫ T

0
I [s,t](u)ηudBu,
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Proposition. We have

(i)
∫ t

s ηudBu =
∫ r

s ηudBu +
∫ t

r ηudBu.

(ii)
∫ t

s(αηu +θu)dBu = α
∫ t

s ηudBu +
∫ t

s θudBu

α ∈ L1
G(Hs)

(iii) E[X +
∫ T

r ηudBu|Hs] = E[X], ∀X ∈ L1
G(H ).
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Quadratic variation process of G–BM

πN
t , N = 1,2, · · · : partitions of [0, t].

B2
t =

N−1

∑
j=0

[B2
tNj+1

−B2
tNj

]

=
N−1

∑
j=0

2BtNj
(BtNj+1

−BtNj
)+

N−1

∑
j=0

(BtNj+1
−BtNj

)2

the 1st term tends to
∫ t

0 BsdBs.
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We denote:

〈B〉t = lim
µ(πN

t )→0

N−1

∑
j=0

(BtNj+1
−BtNj

)2 = B2
t −2

∫ t

0
BsdBs.

〈B〉t , t ≥ 0, is an increasing process called

quadratic variation process of B.
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〈B〉t is not a deterministic process unless

σ = 1!!!

Lemma. E[〈B〉s+t −〈B〉s|Hs] = t,

E[−(〈B〉s+t −〈B〉s)|Hs] =−σ2
0t,
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The integration w.r.t. d〈B〉:

ηt(ω) = ∑N−1
j=0 ξ j(ω)I [t j ,t j+1)(t) ∈M1,0

G (0,T)

Q0,T(η) =
∫ T

0
η(s)d〈B〉s :=

N−1

∑
j=0

ξ j(〈B〉t j+1
−〈B〉t j

)

Q0,T(η) : M1,0
G (0,T) 7→ L1(HT).
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Lemma. For each η ∈M1,0
G (0,T),

E[|
∫ T

0
η(s)d〈B〉s|]≤

∫ T

0
E[|ηs|]ds,

Thus Q0,T : M1,0
G (0,T) 7→ L1(HT) is a continuous linear mapping and

E[|
∫ T

0
η(s)d〈B〉s|]≤

∫ T

0
E[|ηs|]ds, ∀η ∈M1

G(0,T).
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Lemma. For each fixed s≥ 0, (〈B〉s+t −〈B〉s)t≥0

is independent of Hs. It is the quadratic

variation process of the Brownian motion

Bs
t = Bs+t −Bs, t ≥ 0, i.e.,

〈B〉s+t −〈B〉s = 〈Bs〉t .
We have

E[〈Bs〉2t |Hs] = E[〈B〉2t ] = t2.

as well as

E[〈Bs〉3t |Hs] = E[〈B〉2t ] = t3,

E[〈Bs〉4t |Hs] = E[〈B〉4t ] = t4.
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Proposition. ∀ 0≤ s≤ t, ξ ∈ L1
G(Hs),

E[X +ξ(B2
t −B2

s)] = E[X +ξ(〈B〉t −〈B〉s)].
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Proposition. We have the following isometry

E[(
∫ T

0
η(s)dBs)2] = E[

∫ T

0
η2(s)d〈B〉s],

η ∈M2
G(0,T)
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Itô’s formula for G–Brownian motion

Consider

Xν
t = Xν

0 +
∫ t

0
αν

sds+
∫ t

0
ην

sd〈B〉s+
∫ t

0
βν

sdBs

Theorem Let αν, βν and ην, ν = 1, · · · ,n, are

bounded processes of M2
G(0,T). Then for each

t ≥ 0 and in L2
G(Ht) we have

Φ(Xt) = Φ(Xs)+
∫ t

s ∂xν Φ(Xu)βν
udBu

+
∫ t

s ∂xνΦ(Xu)αν
udu

+
∫ t

s [∂xν Φ(Xu)ην
u + 1

2∂2
xµxν Φ(Xu)β

µ
uβν

u]d〈B〉u



G– . . .

1– . . .

S . . .



G– . . .

1– . . .

S . . .

3 Stochastic differential equations

We consider the following SDE: Xt = X0+
∫ t

0 b(Xs)ds+
∫ t

0 h(Xs)d〈B〉s+∫ t
0 σ(Xs)dBs, t ∈ [0,T].where X0 ∈ Rn is given and

b,h,σ : Rn 7→ Rn are given Lip. functions.

The solution: a process X ∈M2
G(0,T;Rn)

satisfying the above SDE.
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We introduce a mapping:

Λ·(Y) :=: Y ∈M2
G(0,T;Rn) 7−→M2

G(0,T;Rn)

by

Λt(Y) = X0 +
∫ t

0
b(Ys)ds+

∫ t

0
h(Ys)d〈B〉s+

∫ t

0
σ(Ys)dBs, t ∈ [0,T].

Lemma. For each Y,Y′ ∈M2
G(0,T;Rn), we

have the following estimate:

E[|Λt(Y)−Λt(Y′)|2]≤C
∫ t

0
E[|Ys−Y′

s|2]ds,

where C = 3K2.
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Theorem. There exists a unique solution

X ∈M2
G(0,T;Rn) of the stochastic differential

equation.
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G–expectation E[·] cannot be in a framework of

(Ω,F ,P)

But the classical Wiener expectation E[·] is

dominated by E[·]:

E[X]−E[Y]≤ E[X−Y], ∀X,Y ∈ L1
G(H ).

Particularly (Bt)t≥0 is a classical BM under E.

E[|X|], X ∈ L1
G(H ) is the classical L1–norm and

E[| 〈B〉t − t|] = 0, ∀t ≥ 0.

In particular the above Itô’s formula becomes

the classical one under L1–norm
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If Ḡ1(a) = 1
2(γa+− γ0a−), 0≤ γ0 ≤ σ0 ≤ γ

Then we can construct L1
G1

(H ) space and

related G1–expectation E1 on L1
G1

(H ), with

E[X]−E[Y]≤ E1[X−Y], X,Y ∈ L1
G1

(H ).

E1[·] forms a risk measure,

E[·] is well-defined on L1
G1

(H ) but not inversely

E1[·] dominates many dynamic risk measures
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Example. Stock price (St)t≥0 on L1
G(H )

dSt = St(µdt+ µ̄d〈B〉t + σ̄dBt), S0 = s.

Different E0 dominated by E “reads” this

formula differently under the same framework

of L1
G(H ).

For example a linear E0 can “read” Bt as

Bt =
∫ t

0
φsdWs

where W is a E0-classsical BM and

σ0 ≤ φs≤ 1, a.s. under E0[·]
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There is no ambiguity in the pointview of E0[·].
We have 〈B〉t =

∫ t
0 |φs|2ds under E0[·].
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