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1 Introduction

In 1933 Andrei Kolmogorov published his Foundation of Probability Theory
(Grundbegriffe der Wahrscheinlichkeitsrechnung) which set out the axiomatic
basis for modern probability theory. The whole theory is built on the Measure
Theory created by Emile Borel and Henry Lebesgue and profoundly developed
by Radon and Fréchet. The triple (2, F,P), i.e., a measurable space (2, F)
equipped with a probability measure P become a standard notion which appears
in most papers of probability and mathematical finance. The second important
notion, which is in fact at an equivalent place as the probability measure it-
self, is the notion of expectations. The expectation E[X] of a F—measurable
random variable X is defined as the integral fQ XdP. A very original idea of
Kolmogorov’s Grundbegriffe is to use Radon—Nikodym theorem to introduce the
conditional probability and the related conditional expectation under a given
o—algebra G C F. It is hard to imagine the present state of arts of probability
theory, especially of stochastic processes, e.g. martingale theory, without such
notion of conditional expectations. A given time information (F;)¢>o is so in-
geniously and consistently combined with the related conditional expectations
E[X|Fi]t>0. Itd’s calculus—Itd’s integration, It6’s formula and Ité’s equation
since 1942 [21], is, I think, the most beautiful discovery on this ground.

A very interesting problem is to develop a nonlinear expectation E[-] in which
we still have such notion of conditional expectation. A notion of g—expectation
was introduced in Peng, 1997 (see [32] and [33]) in which the conditional ex-
pectation E9[X|F;];>0 is the solution of the backward stochastic differential
equation (BSDE), within the classical framework of It6’s calculus, with X as
its given terminal condition and with a given real function g as the generator of
the BSDE. driven by a Brownian motion defined on a given probability space
(,F,P). The is completely and perfectly characterized by the function g.
The above conditional expectation is characterized by the following well-know
condition.

E9[EY[X|F)La] = B9[XLa], VA€ F,.

Since then many results have been obtained in this subject (see, among others,
3], (4], (5], (6], [10], [11], [7], [8], [22], [23], [34], [38], [39], [41], [43]), [24].

In [37] (see also [36]), we have constructed a kind of filtration—consistent
nonlinear expectations through the so—called nonlinear Markov chain. As com-
pared with the framework of g—expectations, the theory of G—expectation is
intrinsic, a meaning similar to “intrinsic geometry”. in the sense that it is not
based on a classical probability space given a priori.

In this paper, we limit ourselves to a concrete case of the above situation and
introduce a notion of G—expectation which is generated by a very simple one di-
mensional fully nonlinear heat equation whose coefficient has only one parameter
more than the classical heat equation considered since Bachelier 1900, Einstein
1905 to describe the Brownian motion.. But this slight generalization changes
the whole things. Firstly, a random variable X with “G—normal distribution”
was defined via the heat equation. With this single nonlinear distribution we



manage to introduce our G—expectation under which the canonical process is a
G-Brownian motion.

We then establish the related stochastic calculus, especially stochastic inte-
grals of It6’s type with respect to our G-Brownian motion. A new type of It6’s
formula is obtained. We have also established the existence and uniqueness of
stochastic differential equation under our G—stochastic calculus.

In this paper we concentrate ourselves to 1-dimensional G-Brownian mo-
tion. But our method of [37] can be applied to multi-dimensional G-normal
distribution, G-Brownian motion and the related stochastic calculus. This will
be given in [40].

Recently a new type of second order BSDE was proposed to give a proba-
bilistic approach for fully nonlinear 2nd order PDE, we refer to [9]. In finance a
type of uncertain volatility model in which the PDE of Black-Scholes type was
modified to a fully nonlinear model, see [26]. See also

As indicated in Remark 3, the nonlinear expectations discussed in this paper
is equivalent to the notion of coherent risk measures. This with the related con-
ditional expectations E[-|F;];>0 makes a dynamic risk measure: G-risk measure.

This paper is organized as follows: in Section 2, we recall the framework
established in [37] and adapt it to our objective. In section 3 we introduce 1-
dimensional standard G-normal distribution and discuss its main properties. In
Section 4 we introduce 1-dimensional G-Brownian motion, the corresponding
G—expectation and their main properties. We then can establish stochastic
integral with respect to G-Brownian motion of It6’s type and the corresponding
Itd’s formula in Section 5 and the existence and uniqueness theorem of SDE
driven by G-Brownian motion in Section 6.

2 Nonlinear expectation: a general framework

We briefly recall the notion of nonlinear expectations introduced in [37]. Fol-
lowing Daniell (see Daniell 1918 [13]) in his famous Daniell’s integration, we
begin with a vector lattice. Let £ be a given set and let H be a vector lattice of
real functions defined on ) containing 1, namely, H is a linear space such that
1 € H and that X € H implies | X| € H. H is a space of random variables. We
assume the functions on H are all bounded. Notice that

a Ab=min{a,b} = %(aerf la —0b]), aVb=—[(—a)A(=b)].

Thus X, Y € H implies that X AY, X VY, XT = Xv0and X~ = (—X)* are
all in H.

Definition 1 A nonlinear expectation E is a functional H — R satisfying
the following properties

(a) Monotonicity: if X,Y € H and X >Y then E[X] > E[Y].
(b) Preserving of constants: E|c] = c.



In this paper we are interested in the expectations which satisfy

(c¢) Sub-additivity (or self-dominated property):
E[X]-E[Y] <E[X —-Y], VX,Y e H.

(d) Positive homogeneity: E[MNX]| = )E[X], VA>0, X € H.
(e) Constant translatability: E[X + ] = E[X] + c.

Remark 2 The above condition (d) has an equivalent form: E[]AX] = ATE[X]+
A"E[—X]. This form will be very convenient for the conditional expectations
studied in this paper (see (vi) of Proposition 16).

Remark 3 We recall the notion of the above expectations satisfying (c)—(e) was
systematically introduced by Artzner, Delbaen, Eber and Heath [1], [2], in the
case where §) is a finite set, and by Delbaen [14] in general situation with the
notation of risk measure: p(X) = E[—X]. See also in Huber [20] for even early
study of this notion E (called upper expectation E* in Ch.10 of [20]) in a finite
set 2. See Rosazza Gianin [43] or Peng [35], El Karoui & Barrieu [15], [16]
for dynamic risk measure using g—expectations. Super-hedging and super pricing
(see [17] and [18]) are also closely related to this formulation.

Remark 4 We observe that Ho = {X € H, E[|X|] = 0} is a linear subspace
of H. To take Ho as our null space, we introduce the quotient space H/Hj.
Observe that, for every {X} € H/Ho with a representation X € H, we can
define an expectation E[{X}] := E[X] which still satisfies (a)—(e) of Definition
1. Following [37], we set || X|| := E[|X]|], X € H/Ho. It easy to check that
H/Ho is a normed space under ||-||. We then extend H/Hg to its completion
[H] under this norm. ([H],|||l) is a Banach space. The nonlinear expectation
E[] can also continuously extended from H/Ho to [H], which satisfies (a)—(e).

For any X € H, the mappings
Xt (w)y=H+—H and X (w)=Hr—H

satisfy
XPoYH X —Y] and X —Y7| = |(=X)t - (-Y)| <X -,
Thus they are both contract mappings under ||-|| and can be continuously ex-

tended to the Banach space ([H], ||]])-
We define the partial order “>” in this Banach space.

Definition 5 An element X in ([H], ||-|) is said to be nonnegative, or X >0,
0<X,if X=XT". Wealso denote by X >Y, orY < X. if X -Y > 0.

It is easy to check that X > Y and Y > X implies X =Y in ([H], ||]]).
The nonlinear expectation E[] can be continuously extended to ([H],||]|) on
which (a)—(e) still hold.



3 (G-—mormal distributions

For a given positive integer n, we denote by lip(R™) the space of all bounded
and Lipschitz real functions on R™. In this section R is considered as ) and
lip(R) as H.

In classical linear situation, a random variable X (z) = x with standard
normal distribution, i.e., X ~ N(0,1) can be characterized by

B9(X)] = - / Y)dy, Vo € lip(R).

It is known since Bachelier 1900 and Einstein 1950 that E[¢(X)] = u(1,0) where
u = u(t, z) is the solution of the heat equation

1

Oru = =02 u (1)
2
with Cauchy condition u(0,z) = (b(x)
In this paper we set G(a) = 3(a™ — 0fa™), a € R, where oy € [0,1] is fixed.

Definition 6 A real valued random variable X with the standard G—normal
distribution is characterized by its G—expectation defined by

E[¢(X)] = P{(¢) :=u(1,0), ¢ € lip(R) — R

where u = u(t,z) is a bounded continuous function on [0,00) x R which is the
(unique) viscosity solution of the following nonlinear parabolic partial differential
equation (PDE)

Opu — G(02,u) =0, u(0,x) = ¢. (2)

In case no confusion is caused, we often call the functional PZ(-) the stan-
dard G-normal distribution. When oy = 1, the above PDE becomes the stan-
dard heat equation (1) and thus this G—distribution is just the classical normal
distribution N(0,1):

P (¢) = Pi(¢) (x)dx.

ST

Remark 7 The function G can be written as G(a) = sup00<o<1 o%a, thus
the nonlinear heat equation (2) is a special kind of Hamzlton Jacobi-Bellman
equation. The existence and uniqueness of (2) in the sense of viscosity solution
can be found in, for example, [12], [19], [31], [44], and [25] for CY2-solution if
oo > 0 (see also in [29] for elliptic cases). Readers who are unfamililar with the
notion of wviscosity solution of PDE can just consider, in the whole paper, the
case og > 0, under which the solution u becomes a classical smooth function.



Remark 8 It is a known result that u(t,-) € lip(R) (see e.g. [44] Ch.4, prop.3.1.
or [81] Lemma 3.1. for the Lipschitz continuity of u(t,-), or Lemma 5.5 and
Proposition 5.6 in [36] for a more general conclusion). The boundedness is sim-
ply from the comparison theorem (or mazximum principle) of this PDE. It is also
easy to check that, for a given ¢ € lip(R?), PE (¥ (x,-)) is still a bounded and
Lipschitz function in x.

In general situations we have, from comparison theorem of PDE,

P{(¢) > Pi(9), Vo € lip(R). (3)

The corresponding normal distribution with mean at z € R and square variation
t > 0is PE(¢(z + v/t x -)). Just like the classical situation, we have

Lemma 9 For each ¢ € lip(R), the function
ult,2) = PE(o(z + VEX ), (t,3) € [0,00) x R (1)

is the solution of the nonlinear heat equation (2) with the initial condition

u(0,-) = ¢(-).

Proof. Let u € C([0,00) x R) be the viscosity solution of (2) with u(0,-) =
¢(-) € lip(R). For a fixed (t,7) € (0,00) x R, we denote u(t,z) = u(t x
t,xV/t + ). Then @ is the viscosity solution of (2) with the initial condition
(0, ) = ¢p(xVt + Z). Indeed, let 1) be a C'12 function on (0, 00) x R such that
W > @ (resp. ¢ < @) and (7,€) = u(r,§) for a fixed (1,€) € (0,00) x R. We

have (%, w\;g) > u(t,z), for all (¢,x) and

t x—2Z _ -
=, — ) =u(t,x), at (¢,x) = (¢, \/£+£.
v(s 7 ) = u(t, ), at (t,z) = (71,§ )
Since u is the viscosity solution of (2), at the point (t,z) = (7¢,&VE + Z), we
have aw(t xfi) 82’(/)(t zfi)
AN/ PV < >
5 G( 92 ) <0 (resp. >0).
But G is positive homogenous, i.e., G(Aa) = AG(a), we thus derive
0Pt x) o O*W(t )
( ot - G( 22 ))|(t,x):(7,£) <0 (resp. > 0).

This implies that @ is the viscosity subsolution (resp. supersolution) of (2).
According the definition of PY(:) we obtain (4). m

Definition 10 We denote

PE(¢)(x) = PE(d(x +Vt x ) =u(t,z), (t,z)€[0,00) x R. (5)



From the above lemma, for each ¢ € lip(R), we have the following Kolmogorov—
Chapman chain rule.

PE(PE(9))(x) = PEy(0)(2), s,t€[0,00), z€R. (6)
Such type of nonlinear semigroup was studied in Nisio 1976 [27], [28].

Proposition 11 For each t > 0, the G-normal distribution PE is a nonlinear
expectation on H = lip(R), with Q = R, satisfying (a)-(e) of definition 1.
The corresponding completion space [H] = [lip(R)]; under the norm ||¢, =
PE(|¢])(0) contains ¢p(x) = z™, n = 1,2,---, as well as ™, ¥ € lip(R) as its
special elements. Relation (5) still holds. We also have the following properties
(1) Central symmetric: PE(4(-)) = PE(é(—-))

(2) For each convezx ¢ € [lip(R)] we have

1 e x?
PEOO) = = [ o@)exp(~g)da

For each concave ¢, we have, og > 0,

G B 1 oS] 112
PEO0) = S [ o) exp(— e
and PF(¢)(0) = ¢(0) for oo = 0. In particular, we have
P ((2)ser) =0,  PE((@*")aer) = PO((=2*" M )aer), n=1,2,---,
Pf((a%)ser) =t,  PE((—2%)ser) = —0it.

Remark 12 Corresponding the above four expressions, a random X with the
G-normal distribution P satisfies

E[X] =0, E[X?"T!]=E[-X?"T!]
E[X?] =t, E[-X? =05t

See the next section for a detail study.

4 1—-dimensional G—Brownian motions under G—
expectations

In the rest of this paper, we set 2 = Co(R™) the space of all R—valued continuous
paths (wi)¢er+, With wy = 0, equipped with the distance

12 —i 1 2
w,we) = 2 max |w; —wyi|) A1l
p( ) ;_1 [(te[o,}g] |y i) A1



We set, for each t € [0, c0),
W, = {wnat:w € N},
.7:15 = Bt(W) = B(Wt>,
Fi =By (W) = [ B{(W).

s>t
F=\/%

s>t

(2, F) is the canonical space equipped with the natural filtration and w =
(wi)i>0 is the corresponding canonical process.
For each fixed T' > 0, we consider the following space of random variables:

L?p(]:T) = {X(w) = ¢(wt17 e 7wtm)avm > 1; tlv T vtm € [OvT}vas € llp(Rm)}

It is clear that LY (F;) C LY (Fr), for t <T. We also denote
n=1

Remark 13 It is clear that lip(R™) and then L), (Fr) and L),(F) are vector
lattices. Moreover, since ¢, € lip(R™) implies ¢ - ¢ € lip(R™) thus X, Y €
LY (Fr) implies X -Y € L) (Fr).

We will consider the canonical space and set By(w) = wy, t € [0,00), for
w € Q.

Definition 14 The canonical process B is called a G—Brownian motion under
a nonlinear expectation E defined on L?p(]:) if for each T >0, m =1,2,---
and for each ¢ € lip(R™), 0 <t1 < -+ <ty <T we have

]E[¢(Bt1 ’ Bt2 - Btla T 7Btm - Btm,l)] = ém
where ¢, € R is obtained via the following procedure:

¢1($1, e 71'm_1) = Pti—t7n71(¢(zla 5 Tm—1, ))

¢2($1, U >xm72) = Ptciflftmfz(qsl(xlu oty Tm—2, ))

¢m—1(x1) = Pt?—tl (¢m—2(x17 ))
Om = Pt?(qufl())

The related conditional expectation of X = ¢(By,, By, — Bt,, -+ ,Bt,, — B, _,)
under Fy; is defined by

E[X|F:,| = E[¢(Bt,, Bt, — Btys -+, Bt,, — Bt _,)|F,] (7)
= ¢m—j(Bt17 e 7Btj - Btjfl)'



It is proved in [37] that E[-] consistently defines a nonlinear expectation on
the vector lattice L, (Fr) as well as on L) (F) satisfying (a)-(e) in Definition
1. Tt follows that E[|X|], X € L9 (Fr) (resp. LY (F)) forms a norm and
that L, (Fr) (resp. Lg,(F)) can be continuously extended to a Banach space,
denoted by L{,(Fr) (vesp. L (F)). Foreach 0 <t < T < oo, we have L (F) C
LE(Fr) € LE(F). Tt is easy to check that, in L (Fr) (resp. L& (Fr)), E[-] still
satisfies (a)—(e) in Definition 1.

Definition 15 The expectation E[-] : LL(F) — R introduced through above
procedure is called G—expectation. The corresponding canonical process B is
called a G-Brownian motion under E[-].

For a given p > 1, we also denote LY, (F) = {X € L& (F), |X|P € L§(F)}.
L¢,(F) is also a Banach space under the norm || X||,, := (E[|X|P])*/P. We have
(see Appendix)

X +YIl, < [1X[1, + 1Y]l,

and, for each X € L., Y € LL(Q) with 1% + é =1,
XY =E[|XY]] < X, X,

With this we have || X||, < [ X]||, ifp <p".

We now consider the conditional expectation introduced in (7). For each
fixed t = t; < T, the conditional expectation E[-|F;] : LY, (Fr) — L, (F:) is a
continuous mapping under [|-|| since E[E[X|F]] = E[X], X € LY (Fr) and

E[E[X|F] - E[Y|F] <E[X - Y],
[E[X|F] - EY|F]| < [[X =Y.

It follows that E[-|7;] can be also extended as a continuous mapping L, (Fr) —
LE(F;). If the above T is not fixed, then we can obtain E[|F;] : L5 (F) —
L& (F).

Proposition 16 We list the properties of E[-|F;] that hold in L), (Fr) and still
hold for X, Y € L&(F):

(i) E[X|F] =X, for X € LE(Fy), t <T.

(it) If X > Y, then E[X|F] > E[Y|F].

(u2) E[X|F] — E[Y[F] <E[X - Y|F].

(iv) EE[X|F]| ] = E[X|Fins], E[E[X|F]] = E[X].

(v) E[X +0|F] = E[X|F] +n, n € Lg(F).

(vi) EnX|F] = nTE[X|F] + n~E[-X|F], for each bounded n € LE(F).
(vii) For each X € L§(FL), E[X|F] = E[X],

where L (Fy) is the extension, under ||-||, of LY, (F}) which consists of random
variables of the form ¢(By, — By,, By, — By, ,Bt,, — B, _,), m=1,2,---,
¢ € lip(R™), t1,--+ ,tm € [t,T]. Condition (vi) is the positive homogeneity, see
Remark 2.



Definition 17 An X € L{(F) is said to be independent of Fy under the G-
expectation E for some given t € [0,00), if for each real function ® suitably
defined on R such that ®(X) € L& (F) we have

E[@(X)[F] = E[®(X)].

Remark 18 [t is clear that all elements in L (F) are independent of Fo. Just
like the classical situation, the increments of G-Brownian motion (Byts—Bs)i>0
is independent of Fs. In fact it is a new G—-Brownian motion since, just like the
classical situation, the increments of B are identically distributed.

Example 19 For each n = 0,1,2,---, 0 < s — t, we have E[B; — Bs|Fs] =0
and, form=1,2,--- |

E[|B; — By|"|F] = E[|Bi—s[*"] = )dx

|2 |™ extp(— ——
2(t —s)

v =t
But we have
E[-[Bt — Bs|"|Fs] = E[—|Bi—s|"] = —00E[| Be—s|"].
Ezactly as in classical cases, we have
E[(B; — By)?|Fs) =t —s, E[(B; — By)"|F] = 3(t — s)°,
E[(B; — By)°|Fs] = 15(t — 5)°, E[(B; — By)*|Fs] = 105(t — 5)",
2(t — s)
T
V2(t — 5)5/?
Example 20 For eachn =1,2,---, 0< s <t <T and X € Lé(]:s), since
E[B3",'] = E[-B3","], we have, by (vi) of Proposition 16,
E[X(Br — B)*" 'l = E[XTE[(Br — B:)*" | 7] + X E[—(Br — B)*" | ]
E[X|)-E[B7%'],
E[-X(Br — B)|F] =0

2V/2(t — 5)3/?

EHBt - BSHJ:SJ = ﬁ )

E[|B; — Bs|’| 7] =

E[|B; — Bs|°|F] =8

E[X(Br — By)|Fs]

We also have
E[X(Br — By)*|Fi] = X (T —t) — 02 X (T — t).

Remark 21 It is clear that we can define an expectation E[] on L (F) in
the same way as in Definition 14 with the standard normal distribution P;(-)
in the place of PP (-). Since Py(-) is strictly dominated by P () in the sense
Pi(¢p) — Pi(v) < PE (¢ — 1)), then E[] can be continuously extended to LL(F).
E[] is a linear expectation under which (By)i>o behaves as a Brownian motion.
We have

E[X] < E[X], VX € L5(F). (8)
In particular, E[B2",'] = E[-B3";'] > E[-B>",'] = 0. Such kind of extension
under a domination relatwn was dzscussed in details in [37].

10



The following property is very useful

Proposition 22 Let X,Y € LL(F) be such that EY] = —E[-Y] (thus E[Y] =
E[Y]), then we have
E[X + Y] = E[X] + E[Y].

In particular, if E[Y] = E[-Y] =0, then E[X + Y] = E[X].
Proof. It is simply because we have E[X + Y] < E[X] + E[Y] and
E[X +Y] > E[X]| - E[-Y] =E[X]+E[Y].
[
Example 23 We have
E[B} — B{|Fs] = E[(B: - B, + B,)* - B{|F]
= B[(By — By)* + 2(B; — By)By| 7]

=t—s,

since 2(By — Bs)Bs satisfies the condition for Y in Proposition 22, and

[
= E[{(B; — B,)? + 2(B; — B,) B, }*| F,]
= E[(B; — Bs)* + 4(B; — B,)’B, + 4(B; — B,)*B2|F,]
< E[(B; — By)*] + 4E[(B; — B,)®| B, + 4(t — 5)B?

=3(t—s)2+8(t—s)%2B, +4(t — s)B2.

5 Itd’s integral of G-Brownian motion

5.1 Bochner’s integral

Definition 24 For T € Ry, a partition 7w of [0,T] is a finite ordered subset
ﬂ‘:{tl,'-' ,tN} such that 0=ty <t <---<ty=T.

p(rr) = max{|t;1 1 — t;],i =0,1,--- N — 1}.

We use n = {tlf <tV < ... <t} to denote a sequence of partitions of [0,T]
such that limy_, o u(7) = 0.

Let p > 1 be fixed. We consider the following type of simple processes: for
a given partition {¢g, - ,tn} = mp of [0,T], we set

N-1
ne(w) = Z fj(W)I[tj,tHl)(t)
§=0

where &; € LI(F;,),1=1,2,--- , N —1 are given. The collection and these type
of processes is denoted by M%°(0,T).

11



Definition 25 For an n € M5°(0,T) with n, = Z;y;()l §i (W), ¢,,0)(t), the
related Bochner integral is

-1

T
/0 m@)dt = 3 &(w)(t1 — 1),

=0

Remark 26 We set, for each n € MY 0(0 T),

=h

~
=

\
N[~
S—
’ﬂ
MZ

J+1 tj )
7=0

It is easy to check that Ep : Mé’O(O,T) —— R forms a nonlinear expectation
satisfying (a)-(e) of Deﬁm’tion 1. By Remark 4, we can introduce a nature norm

||77HT = Ep[ln]] = 7 fo [lne|]dt. Under this norm MG (0, T) can continuously
extended to ML (0,T) which is a Banach.

Definition 27 For each p > 1, we will denote by ME(0,T) the completion of
ME°(0,T) under the norm

1 p 1/p_
G [

We observe that,

T N-1 T
E] / m@)dt] < 3716 (11— 1) = / Ell 1t
7=0

We then have

1
N_1 /p

E[&; (w)P](tj41 — t5)
7=0

'ﬂ\'—‘

Proposition 28 The linear mapping fo ne(w)dt : Mé’O(O,T) — L&(Fr) s
continuous. and thus can be continuously extended to ML(0,T) — L&(Fr).

We still denote this extended mapping by fo ne(w)dt, n € ML(0,T). We have

T T
E| / ne(w)dt]] < / Ellnlldt, ¥ € M(0,T). (9)

Since M4 (0,T) ¢ ME(0,T), for p > 1, thus this definition holds for n €
ME(0,T).
G ’

5.2 Itd’s integral of G-Brownian motion

Definition 29 For eachn € MZ°(0,T) with the form n:(w) = Z;V:_Ol Ei (W), 1,00 (1),
we define

T
1(77) :/0 77(5)st = Z g (Btj+1 - Btj)‘

12



Lemma 30 The mapping I : MZ°(0,T) — L%(Fr) is a linear continuous
mapping and thus can be continuously extended to I : MZ(0,T) — L% (Fr).
In fact we have

T
E[/O n(s)dB,] = 0, (10)
T T
E( / n($)dB,)? < / E[(n(t))?dt. (1)

Definition 31 We define, for a fivred n € MZ(0,T) the stochastic calculus

T
| ntsap. = 1)

It is clear that (10), (11) still hold for n € MZ(0,T).
Proof of Lemma 30. From Example 20, for each j,
E[&;(Bi; 1 = Bi)|Fi;] = 0.
We have

T tn—1
E| / n(s)dB,] = E[ / 0(8)dB. + Ex—1(Bex — Boy )
— | / 8By + Elén—1(Buy — Biy )| Fin ]

=& [ wan)

We then can repeat this procedure to obtain (10). We now prove (11)

2

E( / " (s)dB.)? = B ( / N $)dBy + €1 (Boy Btm)) 1

—=( n(S)st>2

LEp ( [ n(S)st) Ex-1(Boy — Buy )+ € 1By — Boy 1 Fin ]l
2

=E| (/OtNl n(s)dBS> + &1ty —tyo1)].

2
Thus E[( [y~ n(s)dB,)?] < IE[( gN-ln(s)st) ]+ E[Ed_)(ty — tn—1)]. We
then repeat this procedure to deduce

N-1

r 2 2 r 2
E[( / (o). < 32 Bl ) = / E[(n(t))?]dt.

<.

13



|
We list some main property of the It6’s integral of G—Brownian motion. We
denote for some 0 < s <t < T,

t T
/ NudBy := / I 4 (u)nudBy.
s 0

We have

Proposition 32 Let 1,0 € M%(O7T) and let 0 < s < r <t <T. Then in
L& (Fr) we have

(Z) fst nudBu = fsr nudBu + f: nudB'Un

(ii) f;(anu +0,)dB, = ozfst NudBy + f; 0,dB.,, if a is bounded and in L (Fy),
(iii) E[X + [T 1,dB,|F] = E[X], VX € L& (F).

5.3 Quadratic variation process of G—Brownian motion

We now study a very interesting process of the G-Brownian motion. Let 7",

N =1,2,---, be a sequence of partitions of [0,¢]. We consider
N-1
2 2 2
Bi=2_ 1By, = Byl

7=0
N-1 N-1

_ _ 2

- Qij" (ijv+1 Btj.V) + (Btj.\’+1 Btj.")
7=0 7=0

As p(m]N) — 0, the first term of the right side tends to fot BydB;. The second
term must converge. We denote its limit by (B),, i.e.,

N-1 t
@)= dm S (B, ~BpR =52 Bap.  (2)
T )— i=o

By the above construction, (B),, t > 0, is an increasing process with (B), =
0. We call it the quadratic variation process of the G-Brownian motion
B. Clearly (B) is an increasing process. It perfectly characterizes the part of
uncertainty, by the contract to the risk, of G-Brownian motion. It is important
to keep in mind that (B), is not a deterministic process unless the case o = 1,
i.e., when B is a classical Brownian motion. In fact we have

Lemma 33 We have, for each 0 < s <t < o0

E[(B), = (B),|Fs] =1 = s, (13)
E[-((B), = (B),)IFs] = —o*(t — ). (14)

14



Proof. By the definition of (B) and Proposition 32-(iii),

t
B((B), - (B), 7. = B[B} - B2 2 | BudBu|7.
=E[B? - BY|F,| =t —s.

The last step can be check as in Example 23. We then have (13). (14) can be
proved analogously with the consideration of E[—(B? — B2)|F,] = —o2(t — s).
[
To define the integration of a process n € MA(0,T) with respect to d (B),
we first define a mapping;:
T N-1
Qur(n) = [ n(s)a(B), = 3 G(B),,,, — (B),): ME'0.T) = L'(Fr).

J

j=0

Lemma 34 For each n € Mcl;’O(O, T),

T
E[|Qor ()] < / Efln, Jds, (15)

Thus Qo1 : Mé’O(O,T) — LY(Fr) is a continuous linear mapping. Conse-
quently, Qo can be uniquely extended to L;_-(O,T). We still denote this map-
ping by

T
/0 n(s)d (B), = Qor(n), 1€ ML0,T).

We still have

T T
E| / n(s)d (B),|] < / Elln.llds, ¥n e M&(0,T). (16)

Proof. By applying Lemma 33, (15) can be checked as follows:

N-1

Ef| Z_: (B, — (B),) < Y El&G|-E(B),,,, — (B),, |F7,]]

<
I
=)

=

E[& (141 — t5)

<
I
=)

Il
S—
!

E[Ms\]ds-

]

A very interesting point of the quadratic variation process (B) is, just like
the G-Brownian motion B it’s self, the increment (B),,  — (B), is independent
of Fy and identically distributed like (B),. In fact we have

15



Lemma 35 For each fived s > 0, ((B),,, —(B),)>0 is independent of Fs. It is
the quadratic variation process of the Brownian motion By = Bsy+ — B, t > 0,
i.e., (B),y, — (B), = (B*%),. We have

E[(B*); |F:] = E[(B)}] = £*. (17)
as well as

E[(B°); IF] =E[(B)]] = ¢°, E[(B*);|F,] = E[(B);] = t".

Proof. The independence is simply from
s+t s
By~ B), = B2 [ Budb, - (B2 ~2 [ BB
0 0

s+t
= (Biys — Bs)? — 2/ (B, — Bs)d(B, — B,)

= <Bs>t :

o(t) = EI{(By)? — 2 / BudB.)?)
< 2E[(B;)*] + 8]E[(/t B.dB,)?]
0

t
< 6t% + 8/ E[(B.)*du
0
= 14¢°.
This also implies E[((B),,, — (B),)?] = ¢(t) < 14t. Thus

o(t) = E[{(B), + (B) 1, — <B>}]

[
[((B),)’] + E[((B*),)?] + 2E[(B), (B*),]
(s) + &(t) + 2E[(B), E[(B®),]]

(s) + o(t) + 2st.

Al

E
¢
¢
We set dy = t/N, ti = kt/N = kéy for a positive integer N. By the above
inequalities

P(tN) < D(tN_1) + G(On) + 2tN_16n
< B(tn_o) +20(6n) +2(tN_1 + tN_2)0N

We then have
N-1 2 N-—1

o(t) < No(Sn) +22tﬁ§N<14N+Qth€V§N
k=0 =

16



Let N — oo we have ¢(t) < 2 ] sds = t*. Thus E[(B,)°] < 2. This with
E[(B;)%] > E[(B;)*] = t2 implies (17). =

Proposition 36 Let 0 < s <t, £ € LL(Fs). Then

E[X +&(Bf - BY)] = E[X +£(B; — B)?]
= E[X +£((B), — (B),)]-

Proof. By (12) and applying Proposition 22, we have

BLX + 6(5} - B2)) = EIX + €(B), — (B), +2 ' BudBy)
E[X + £((B), - (B),)].
We also have

E[X +&(Bf — B2)] = E[X + ¢{(B; — Bs)* + 2(B; — B,)B,}]
=E[X +&(B; — By)?].

|
We have the following isometry

Proposition 37 Let n € MZ(0,T)

T T
E[( / n(s)dBm:E[/O 7(s)d (B).] (18)

Proof. We first consider n € Mé’O(O, T) with the form

N-1

ne(w) = Z gj(w):[{t_mt_7‘+1)(t)

=0
and thus fOT n(s)dB, := Z;V:_Ol &;(B,,, — Bt,). By Proposition 22 we have

E[X +2¢;(By,,, — Bi,)&(Bi,,, — By,)] = E[X], for X € L§(F), i # .

i

Thus
T N-1 2 N-1
E[(/O n(s)dBs)?] = E[ (Z & (B — Btj)) [=E[Y (B, —B,).
=0 i=

This with Proposition 36, it follows that

N-1

E[( / n(s)dB,)?) = B[ 3" €(B), ., — (B),)] = | / 7 (s)d(B),).

Jj=0

Thus (18) holds for 7 € MZ"(0,T). We thus can continuously extend the above
equality to the case n € MZ(0,T) and prove (18). m
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5.4 TIto’s formula for G—Brownian motion

We have the corresponding Itd’s formula of ®(X;) for a “G-1td process” X. For
simplification, we only treat the case where the function ® is sufficiently regular.
We first consider a simple situation.

Lemma 38 Let ® € C%(R") be bounded with bounded derivatives and {QLMV Moo=t

are uniformly Lipschitz. Let s € [0,T)] be fived and let X = (X*',---, X™)T be
an n—dimensional process on [s,T| of the form

Xy =X +a"(t—s)+n"((B), — (B),) + 8"(B: — Bs),

where, forv=1,--- n, &, n¥ and ¥, are bounded elements of Lé(}"s) and
X = (XL, X™)7T is a given R"—vector in L%(Fs). Then we have

D(X,) — / Oar ®(X,)B"dB, + / O, B(X,)" du (19)

" / Der®(X)0" + 5020 (X551 (B, BY,, .

Here we use the Finstein convention, i.e., each single term with repeated indices
w and/or v implies the summation.

Proof. For each positive integer N we set 6 = (¢t — s)/N and take the partition

st] {t()v "’7t%}:{575+5a"'75+N5:t}'
We have
N—1
B(X) = B(X)+ Y [B(Xy ) — B(Xp)]
k=0
N-1
= ®(Xo) + ) [0 (X ) (X = Xin)
k:o k+1
1 2 v v N
SO DX (XY~ XB)(XG — X+ ]l (20)
where

Mo = 0y P(Xyy 06 (X = X)) =00 (X )N (X Ly =X ) (X =Xy

k+1 k+1

with 6 € [0,1]. We have

E{ln ) = {020 Xy +0x(Xiy, | — Xop)) = B2 (X (Xl = X)Xt~

k+1

< B[ X,y — Xon '] < C[8° + 6]

k+1

18
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where ¢ is the Lipschitz constant of {92,,. ®}" ,_;. Thus Y-, E[|n[] — 0. The
rest terms in the summation of the right side of (20) are &Y + ¢}V, with

= 3 (00000t — ) 41 (Bl (Bl) + By, By
26311:5'/ ( tN)ﬁﬂﬁ (B, A Bt,CN)(Bt,CNJrl - Btﬁ’)}
and
Z 02, (X )0 (s — 1) + (Bl — (Blyy)
o — )+ 17 (B~ (Bl
4 B[ () — ) + 0 (Blyy — (Bl By, — By)
We observe that, for each u € [t} ,th, )
N-1
|81;4(I) aw“(I) ty 7tﬁ*_l)(u)|2]
k=0

= E[|0pn ®(Xu) — Oun®(X,5)[?]
< CE[|Xu = Xy |*] < C[6 +67).

Thus Zngol One (XtN)I[tN}tN () tends to dpu (X.) in MZ(0,T). Similarly,

Z O ® (X ) o) (-) = D2 @(X), i ME(0, T).

Let N — oo, by the definitions of the integrations with respect to dt and dB; and
d (B), the limit of & in L% (F;) is just the right hand of (19). By the estimates
of next remark, we also have (/¥ — 0 in LL(F;). We then have proved (19). m

Remark 39 We have the following estimates: for ™ € Mé’O(O,T) such that

PN =SV 0 gtkI[tk p k+1)(t)7 and 7N = {0 < tg, -+ ,tn =T} withlimyn_ o0 p(7d) =
0 and Zk E[EN NN —t)) < C, for all N =1,2,---, we have
N-1
Ell ) & (& — )] =0,
k=0

and, thanks to Lemma 395,

N—-1 N—1
El Y & (Bl — (B < 3 E6)]E[(B)y | — (Bl Py ]
= v
= S BN — ) — 0,
k=0



as well as

N—-1
El S & (Bl , — (Bhy)(Buy,, — Byl
k=
N
< STEIEN BBy, — (B))|Byy., — Byl
k=0
N—-1
< ST E&Y BBy, — (Bl )1V El| By, — By
k=0
N-1

E[EN Nt — tn)*? = 0.

ES
I
=3

We also have

N-1
E[| E;iv(<3>t;y+1 (B) )ty — )]
k=
v
< ST EIEN IR — ) - EL(Bly | — (B)p)IFip]
k=0
N-1
= > El& Nt —t)* =0
k=0
and
N-1 N-1
Ell Y & (1 — ) By, = Bu)ll < D EIEY Nty — t8)E[ By, — Byx ]
k=0 k=0

N-1
Z B[ (0 — t)*/* — 0.
k=0

=

We now consider a more general form of 1t6’s formula. Consider

t t t
XV :Xé’—l—/ ast+/ né’d(B,B>S+/ (Y dBgq
0 0 0

Proposition 40 Let o¥, ¥ and 0¥, v = 1,--- ,n, are bounded processes of
MZ(0,T). Then for each t > 0 and in L%(F;) we have

t t
2(x) - (X)) = [ 0 0(X)0dB, + [ o0 )aldu  (21)

t 1
b [ 0m X+ 50 DX)ILBIB),

20



Proof. We first consider the case where a, 7 and 3 are step processes of the
form

nt(w) = gk(w)I[tk,tk+1)(t)'
0

2

x>~
Il

From the above Lemma, it is clear that (21) holds true. Now let

t t t
xpN :Xg+/ aZ’Nds+/ n;”Nd<B>S+/ BN dB]
0 0 0

where oV, n% and gV are uniformly bounded step processes that converge to
a,nand 3 in MZ(0,T) as N — oco. From Lemma 38

d(XN) — d(Xy) /awu@ MpuNdB, +/ Dp, ®(XMaNdu  (22)

[ e Y + S e g 8),

Since
N t t
E[|X7Y - XV < 3E] / (o — os)ds[?] + 3E] / (N — )d (B, ]
T

t T
13K / (82N — BY)dB,J) < 3 / E[(a%™ — a¥)2)ds + 3 / EllgN — Y [2)ds
0 0

0
T

3 / E[(85N — 7))ds
0

We then can prove that, in MZ(0,7T), we have (21).
Ope ®(X )N + 020 R(XT) BN BN — Oy ®(X )0 + 0 B(X.) BB
01, ®(X M) = 0, (X )a?
(

v

D ®(XN) BN — 9, (X)) BY

We then can pass limit in both sides of (22) and thus prove (21). m

6 Stochastic differential equations

We consider the following SDE defined on MZ(0,T;R™)

XtXOJr/tb(Xs)der/t h(XS)d<B>s+/ta(Xs)st, te0,T).  (23)
0 0 0

where the initial condition Xy € R" is given and b,h,o : R® — R”™ are given
Lipschitz functions, i.e., [¢(z) — ¢(2')| < K|z — 2’|, for each z, 2’ € R", ¢ = b,
7 o. Here the horizon [0,T] can be arbitrarily large. The solution is a process

21



X € MZ(0,T;R") satisfying the above SDE. We first introduce the following
mapping on a fixed interval [0, T7:

A(Y):=Y € MZ&(0,T;R™) — MZ(0,T;R™)
by setting A; = X, t € [0,T], with
t t t
M) =X+ [ ovds+ [ apai), + [ o(is., ce o)
0 0 0
We immediately have

Lemma 41 For each Y,Y' € MZ(0,T;R™), we have the following estimate:
t
BA(Y) = Ay)P) <C [ EY. - YiPds, te 0.7,
0

where C = 3K?2.

Proof. This is a direct consequence of the inequalities (9), (11) and (16). m

We now prove that SDE (23) has a unique solution. By multiplying e ~2¢* on

both sides of the above inequality and then integrate them on [0,T]. It follows
that

T T t
/ E[|At(Y)—At(Y’)F]e*wdtgc/ e*wt/ E[|Y, — Y!|*|dsdt
0 0 0

T T
_ c/ / e~2Ct Ry, — Y7 [2]ds
0 s
T
= (20)*10/ (720 — e 2TE([|Y, — Y!|*]ds.
0
‘We then have
T

T
/ E[|A(Y) — Ay (Y")?le™2Cdt < %/ E[|Y; — Y/|?|e "2 dL.
0 0

We observe that the following two norms are equivalent in M2 (0, T;R™)

T T
| EPide~ [ EyiPe e
0 0

From this estimate we can obtain that A(Y) is a contract mapping. Conse-
quently, we have

Theorem 42 There exists a unique solution of X € MZ(0,T;R™) of the stochas-
tic differential equation (23).
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7 Appendix

For r > 0, 1 < p,q < 0o, such that %—i—%:l, we have

la+ 8" < max{L, 2"~} (|l + [bl"), Va,be R (24)
P ble

jap| < 192 oI (25)
p q

Proposition 43

E[IX +Y|"] < C-(E[ X[+ E[[Y]]), (26)
E[IXY|] < E[X[P]V/? - E[Y|4"/1, (27)
E[IX +Y["]'/? <E[X[P)'/? + E[lY|”]'/” (28)

In particular, for 1 < p < p', we have E[|X|P]V/P < E[|X|?']'/?"
Proof. (26) follows from (24). We set

¢ = X _ Y
~Expe TRy

By (25) we have

ol < 5L+ 1) < il gyl
1

1
=-+-=1.
p q
Thus (27) follows.
E[X +Y]P]=E[|X +Y]|-|X + Y|P

<E[X|-|X +Y[PH+E[Y]-|X +Y[P]

< E[|X\p]1/p E[|X + y|(p*1)q]1/q

+ ]E“y‘p]l/p E[|X + Y|(p—1)q}1/q

We observe that (p — 1)g = p. Thus we have (28). m
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